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Dear colleague 

It is my pleasure to welcome you to the inaugural issue of the Australian Journal of Intelligent 
Information Processing Systems (AJIIPS). 

There are so many overseas journals covering computers and computation that report of work being done 
in Australia are spread widely throughout the literature and are consequently difficult to find. How often 
have we travelled thousands of kilometres to a conference in a foreign country only to find out about 
work being done in Australia? AJIIPS was conceived to address this problem. It will provide a forum 
for the presentation of Australian research and development. 

As you can see from the contents of this issue, technical papers from around the world will be welcome. 
Nevertheless, sections discussing Australian developments, including postgraduate theses, abstracts and 
project reports, will be permanent features of AJIIPS. Information about forthcoming events -
conferences, exhibitions and other events of interest to our audience, will also be included. 

The quality of the journal is dependent on the quality of submitted work. I would like to take this 
opportunity to invite researchers and practitioners working in any of the areas related to intelligent 
systems to submit their work for publication, either as technical papers or as reports of projects. Our aim 
is to publish a journal that will bring together researchers from engineering, computer science and other 
related areas. This can be achieved by contributions to a journal that is widely read by a multi 
disciplinary section of our research community and industry. 

There are a number of paper categories that will be accepted : 

• Full papers 
• Short communications 

Abstracts of postgraduate thesis 
Calendar of events 
Conference reports 
Book reviews 

including 

Research Centre reports 
• Project reports 

Yianni Attikiouzel 
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Decision making and fuzzy set theory: Combining 
aggregated fuzzy sets to obtain integrated 

comprehensive indices 
Ximing Sun, D.A. Thomas and *P. W. Eklund 

Department of Environmental Science &Range/and Management 
*Department of Computer Science 

The University of Adelaide 
Adelaide 5005, Australia 

email peter@cs.adelaide.edu.au 

Abstract 
The techniques contained within this paper describe a mechanism for integrating empirical and qualitative 
knowledge into continuous numeric formulations using fuzzy set theory. Aggregated knowledge sources are 
combined into a structure called an interaction matrix. Each knowledge source is considered separately and 
variables within each group are graded in terms of fuzzy membership functions -from the least to the most 
influential and their affect (positive or negative) on the property under examination. Variables are partitioned into 
the matrix that is crossed with weightings that give a measure of tile importance of each variable in determining 
an overall membership index. The means for obtaining these weightings from domain knowledge by interview 
are described. With data sets that are sufficiently large, weightings can be derived automatically by using a least 
squares analysis. The impact of various variables on decision making can be assessed by considering a knowledge 
weighted index and its impact in relation to an idealized membership function. An example of the methodology 
is described which determines biophysical/and capability for wheat crop production. 

1.0 Introduction 

This paper describes a methodology for producing a 
knowledge weighted index from information derived 
from multi-dimensional fuzzy membership functions. 
The process can be used to aid decision making 
processes by allowing any number of disparate 
variables (both continuous and discrete) to be 
incorporated into a single weighted index function. 
Information can thus be collected from both 
quantitative and qualitative data sources and combined 
to give an overall continuous numerical assessment of 
the collective interaction of the variables as well as 
their impact on the decision to be made. 

The technique has a wide range of applications and can 
be used in many diverse fields. An example of its use 
is demonstrated in this paper for evaluating the 
selection of suitable crops in agriculture. In such 
domains the prime perfonnance index is crop yield and 
naturally this is the feature we wish to maximise. 
There are however any number of factors that can 
influence crop yield. 

In making decisions about which crops to plant, land 
managers need to consider a wide range of criteria. 
Some (but not all) of these criteria are: 

• biophysical land characteristics - rainfall, 
slope, geology, climate, soil characteristics, etc; 

• s o ci o - e c ono mic c o n d it ions - is 
crop X required or desirable? 

• management ability - do farmers have any 
familiarity with the production of the crop X? Is 
a lack of familiarity likely to affect crop yield? 

• environmental impact - what are the long 
and short term environmental impacts of growing 
crop X? 

• local infrastructure - can crop X arrive at its 
market in a timely fashion? 

• political opportunities and constraints -
are there financial or other incentives (or 
disincentives) to grow (or not to grow) crop X? 

The correct crop to select is a decision that relies on a 
synthesis of all the above mentioned criteria. 
Techniques based on fuzzy set theory, for 
synthesising these criteria into a systematic and 
sound decision making methodology are described by 
this paper. An example of the methodology is 
described which determines biophysical land 
capability for wheat production. 

2.0 Methodology 

The methodology involved relies on the construction 
of a structure called an interaction matrix. The 
interaction matrix is constructed from an aggregation 
of graded membership functions for each of the 
decision criteria. 
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The methodology can be summarised by three key 
steps; 

1. fuzzy membership functions give a non-
dimensional value for a variable with respect to 
the way it contributes to a overall result, e.g. 
rainfall is important to crop yield but too much 
rain will sodden the soil profile. The 
membership function for rainfall versus yield 
approximates a normal distribution, too little 
rainfall is as bad as too much; 

2. assignment of weightings to the membership 
functions according to the assessed importance 
of the interplay of the variables, e.g. soil types 
will affect crop yields but rainfall is even more 
important than soil type; 

3. the combination of the membership functions 
[(1.) above] together with their respective 
weightings into an interaction matrix, i.e., all 
the parameters that affect yield have a 
membership function, e.g., rainfall versus yield, 
soil types versus yield and so on. These 
membership functions are combined according 
to the overall importance [(2.) above] of each 
parameter and a new membership function called 
a knowledge weighted index (KWI) is created. 
The KWI is a membership function mapping 
the KWI to yield. 

2.1 Fuzzy Set Theory and 
Membership Functions 

Classical set theory has no sensible way to handle 
m1certainty. Zadeh[ll] introduced fuzzy set theory as a 
means for dealing with inexact concepts (see also 
Zadeh[12, 13, 14]). 

Intuitively, a fuzzy set (like a classical set) is a well-
defined collection of elements or ideas. Elements of 
the fuzzy set can be represented by natural language or 
numeric values. The definition of a set can be 
represented by using the membership function J.L4(X). 
The membership function of a fuzzy set defines the 
grade of membership of x belonging to the fuzzy 
setA. 

As an example consider the fuzzy proposition "A is a 
small integer less than 5"[2]. The domain of discourse 
is the integers X = {0, 1, 2, 3, 4, 5} and the meaning of 
the fuzzy predicate small when applied to the integer 
elements in X is: 

A= small(A) = {1 I 0,1 I 1,0.8 I 2, 

0.6 I 3,0.4 I 4,0.2 I 5} 

A term like 0.8/2 expresses the degree to which an 
integer 2 is compatible with our understanding of the 

meaning of the fuzzy proposition "A is a small 
integer less than 5". 

Fuzzy sets are used to define a type of uncertainty 
characterising objects that, for various reasons, cannot 
have, or do not have, sharply defined boundaries. 
Unlike classical set theory, the membership between 
the set and element can be take any value in the unit 
interval [0, 1]. In other words, an element does not 
necessarily either belonging to the set or not, but can 
be a member of the set to a certain degree. Whenever 
we have to deal with ambiguity, vagueness and 
uncertainty in mathematical or conceptual models of 
empirical phenomena, fuzzy sets may be an 
appropriate representation. 

Simplified, fuzzy set theory distinguishes three kinds 
of uncertainty [6]: 

• generality - that a single concept applies to a 
variety of situations, e.g., "It was a warm day."; 

• ambiguity - that a single concept embraces 
more than one distinguishable sub-concept, e.g., 
"That blue thing on the dresser."; 

• vagueness that precise boundaries are not 
defmed, e.g., "I recall that student scored between 
Pass and Credit.". 

We have already seen a fuzzy set from the "A is a 
small integer less than 5" example above. Formally 
speaking a fuzzy set can be defmed as follows: 

If X= {x} denotes a space of objects, then the fuzzy 
set A in X is the set of ordered pairs, 

A= {X,J.L4(X)} X EX 

where J.L4(x) is the grade of membership of x in the 
fuzzy set A and x E X means that x is an element of 
the domain X. · 

Usually J.L4(X) ranges over the unit interval [0, 1] 
with 1 representing full membership in the set and 0 
non-membership. The grades of membership of x in 
A reflect a partial ordering that is not based on 
probability but on admitted possibility. The value of 
J.L4(X) of the object x in A can be interpreted as the 
degree of compatibility of the fuzzy predicate 
associated with set A and object x. In other words, 
J.L4(X) of x in A specifies the extent that x can be 
regarded as belonging to A, e.g., in our example 
small is the fuzzy predicate associated with A and 
X EX= {0,1,2,3,4,5} 

The membership function of a fuzzy set defines how 
the grade of membership of x in A is determined. It 
is used to describe the "vague" characteristic of a fuzzy 
set - or more particularly the fuzzy predicate that 
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qualifies elements of the set. The assignment of the 
membership function of a fuzzy set should ensure that 
the grade of membership is 1 at the "centre" of the set 
-where membership is certain- and that it falls off in 
an appropriate way through the fuzzy boundaries to 
the region outside the set where it takes the value 0 -
elements not contained in the domain of the fuzzy set 
are assumed to have a 0 membership in that set A 
membership function can thus be used to describe any 
distribution of membership between the set and 
elements, i.e., in our example the "center" of the set 
is shared by elements 0 and 1 with the boundary 
element explicitly defined at the integer 5 . 

An example of a graded membership J1A(X) of a 
considered variable ( x) is; 

J..lA(x) = 

0 X :5;; Vt 

1-
(v,- x) 

Vt :5;; X~ V2 
(V2- Vt) 

1- (Vl- X) V> :5;; X::;; Vl 
(Vl- V>) 

0 X> V3 

Where J1A(X) is the degree of graded membership of 
x. V• is the minimum value for which membership 

is valid. V2 is the optimal value for membership. V3 

is the upper limit for membership. x is the measured 
value. 

Graded membership functions can be represented in 
different forms according to the family of function 
represented by the property itself. For example, we 
have mentioned that the membership function for 
rainfall versus yield is described by a normal 
distribution. Soil type versus yield is a step function 
with each soil type having an associated yield index. 
The distribution for soil salinity versus yield is a 
decreasing polynomial. The point is that the 
preferential criteria - good, better, best and so on - are 
relative to the original distribution for the property 
against the characteristic to be optimised, in this case 
crop yield. The distribution may be linear, normal, 
polynomial, cubic, hyperbolic etc. As a consequence, 
so too the fuzzy membership function is related to the 
original property distribution w.r.t. crop yield in our 
case. The membership function describes how, and to 
what degree, one variable value assumes the 
characteristic of the fuzzy set. 

2.2. Weighting Assignment 

A horizontal vector in an interaction matrix represents 
the weights for each factor according to the assessment 
of the importance of the factors with respect to each 

other in determining an outcome - in this case the 
impact of these factors on crop yield. Where sufficient 
experimental data sets exist, these data can be used to 
determined the horizontal vector by least square 
analysis[3,4]. However, where the data sets are 
incomplete or do not exist, a domain expert can assign 
weightings according to experience. 

As the weighting sets are mostly determined by local 
circumstances, this treatment makes the model easily 
adapted universally, i.e. the local experts can express 
their own values or experiment with alternatives. 

To help the expert perform weight assignment, we use 
a weighting determination table such as Table 1. 

Importance of 
variable 

least important 
marginally important 
important 
very important 
most important 

Value assigned 

1 
3 
5 
7 
9 

Table 1: Weighting Determination Table 

Values were chosen from this table to represent the 
considered importance of a variable (Vi). The 
weighting Wi of a variable is determined by: 

V; 
W;=--Ln 

Vi 
i=1 

where Wi is the weighting of the variable vi . vi is 
the value of the considered importance of the variable 

Vi . ""'Yi is the sum of the importance of the values L-,=1 
for this variable. 

This method is similar to that described by Saaty[7] 

ensuring ""' jv, = 1. L-,=1 

2.3 The Interaction Matrix 

A graded membership of J1(x), for a given value of 
Xi gives a measure of degree of membership of Xi in 
the set A . The degree of membership is rule based. If 
x1, x2, .... , Xn are members of the set A, then degrees 
of membership of Xi can then be defmed relative to 
these members on a scale of 0 to 1. 

The rules governing graded membership are determined 
through the relationship between members of the set, 
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e.g., linear, cubic, hyperbolic etc, where the overall 
result is determined by the interplay of the various 
sets. The graded membership of given values in the 
sets are interrelated by weights that give estimates of 
the importance of the sets, given by the graded 
membership, and with respect to each other, in 
determining an outcome. This is done in the 
interaction matrix where weightings form a horizontal 
vector and graded membership a vertical vector. 

For example the interaction matrix: 

(1) 

where Wl, w2, ...• , wn are weightings to give the 
possible interaction of the sets and the elements of the 
vector J.ll,J12, .... ,Jln, with each other. J1I,J12, .... ,Jln 
are the graded membership of the variables in the sets 
considered. A is the aggregated weighted index. 

2.4 Operation of Interaction Matrix 

Assume the object set C = {Cl, C2, ... , C.} and the 
oQject's attribute set X= {X1,X2, ... ,Xm}, where X; 
is a fuzzy subset of C. Given the grade membership 
of each object to each attribute, 

J.lXii( Ci) = '}'ij yE (0, 1] for i E (0, 1] andj E (1, n] 

then the fuzzy relationship matrix of C to X is; 

C1 C2 Cn 

Xr·· Yl.2 r•., ] 
R= ~-l ~~:~. 

y2,2 
-~-~·.n (2) 

Xm )m,! rm.l Jm,n 

If weigbtings (a;) are given to each attribute X; a 
normalised fuzzy set or a fuzzy vector on X is given 

by A= (ai,a2, ... ,am) where, ""~; = 1 and 0 ~a;~ 1, 
.L.t,=l 

i.e. there is more than a single weighting. 

The comprehensive evaluation result .!lis: 

!!=A·R 

where.B.isafuzzyseton C, B=(bl,b2, ... ,bn). The 
preferential object in the fuzzy set .IL is 
J.l(B*) = max(b1,b2, .. ,bn). 

There are a number of ways we can consider 
combining the matrices A and R. They can be crossed 
using a number of algebraic variants[15]: 

bj = V (a;" '}'ij); (3) 

i =I 

m 

bj = V (a; o }'ij); (4) 
i =I 

m 

bj= L(ail\'}'ij); (5) 
i=l 

m 

bi = L (a; o Yii ); (6) 
i=l 

(3) and (4) are called primary factor determination 
types: the primary factor determines the result. (5) and 
(6) highlight the primary factors but also consider 
secondary factors. (4) and (6) accord weightings by 
considering all factors with equal influence. Note that 
these naturally are not the only composition 
operators. Generally we can use a T- j_ composition 
where T and j_ are T -conorm and T-norm respectively 
but only a subclass of T-conorms and T-norms are 
associative. Note that (3) and (4) always give a 
bi i!: [0, 1], i.e . .!l. is a fuzzy subset of C even if 

Lg;
1 

::t-1 with a; E [0, 1]. (5) and (6) can only be used 

if Lg\ = 1 otherwise bj i!: [0, 1] and .B. would not be a 

fuzzy subset of C. 

The four operators can be used to compute an 
evaluation under varying domain circumstances. (6) 
will be suitable in most domains but (4) should be 
used for Markovian processes for instance. (6) will 
resume to a convex weighting of the m fuzzy subsets 
of X; [15]. The more the agreement between the 
models, the greater the confidence in the result. 

2.5 Multi-level interaction Matrix 
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Variables in a system typically interact in a 
complicated fashion. In any non-trivial system many 
factors will influence a final outcome and each needs 
to be considered. Factors may also exist at several 
levels of influence. Weights are assigned for each 
factor with respect to each other, a relatively easy task 
for the domain expert. However, it is practically 
impossible to obtain a reliable weighting set from any 
expert when all factors are considered simultaneously. 
One reason for this is that people have more 
confidence comparing the relative important of factors 
in smaller rather than larger groups. 

As a consequence, in our methodology, we divide the 
entire factor set into several smaller sets, e.g., soil, 
climate etc. In doing so, the domain expert can assign 
a weighting within each group of variables without 
being required to consider all interactions 
simultaneously. 

The principle of a multi-level interaction matrix is to 
divide the variables according to their properties into 
sets. The interaction matrix for each set is termed a 
first level aggregated weighted index. The next level is 
to combine the aggregated weighted index for each set 
in a relationship matrix. This matrix operates the 
overall weighting set associated with each set to 
obtain a multi-level comprehensive result[l]. 

The process of formulating a multi-level interaction 
matrix is: 

To a given set A, if C is one of n elements on 
A and satisfies the relation, 

n 
UA;=A where Ait1Ai=0,i:Fj 
i=l 

then C is one division to A . The division set of C 
on A can be assigned as: 

AIC={A1,A2, ... ,An}, Ai={Aik} with i=1,2, ... ,n 
and k = 1,2, ... ,m .. 

m 

where Ai has k factors and A has 'L ki factors. 
i=l 

The multi-level interaction matrix can be formulated 
as: 

Where A* is the multi-level aggregated weighted 
index. WAi is the comprehensive weightings for each 

set. Ai is the aggregated weighted index for each set 
obtained from equation (2). 

3. Example for Land 
Evaluation for Wheat Farming 

In an analysis of yields in wheat, Sun[9] used the 
following interaction matrix A * : 

(:~) (wif Wr Wl) ~ 

A*= (We Ws) [J.lsr l 
(wn W•d llpH wo wn) :g (8) 

Wif, Wr, Wz are the weightings given to growing 
season rainfall, growing season temperature and length 
of growing season with respect to the importance of 
each compared to the others, and Wif + Wr + Wz = 1. 0 

J.L<t,J.lsd,J.IpH,J.lsi,J.lss are graded membership functions 
for soil texture, soil depth, soil pH, slope and soil 
salinity respectively. 

Wst, Wsd, WpH, Wst, Wss are weightings given to each 
soil variable w.r.t. each other, and 
Wsr+ Wsd+ WpH+ Wsl+ Wss = 1.0. 

We is a comprehensive climate weighting and Ws is 
the comprehensive soil weighting. 

A * is the aggregate weighted index. 

The graded membership were derived using fuzzy set 
membership functions, obtained originally from 
empirical data, and readily available in the agricultural 
literature. For example, it is well-known that the 
membership function defined for soil pH suitable for 
growing wheat is : 

0 X <4.5 
1- 6·5-x 4.5 ~ x < 6.5 

2 
J.L(X)= 1 6.5~x<8.0 

9.5-x 80< 9 . -X< 
1.5 

0.33 x~9 
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where Jl(x) is the grade of membership related to the 
degree of suitability of a given pH ( x) for growing a 
wheat crop. 

The weightings were assessed in two ways: (1) from 
expert knowledge obtained by the methods described in 
Section 2.2, and (2) by solving for weightings in the 
data sets by least square analysis method. 

The relationship obtained between yield and the 
aggregated weighted index is shown in Fig. 1. 

.-. «< 

.e 
"' ~ g 
:s 
Q) ·;;;_ 
c 
'(;l ... 
CO 
't;j 
Q) .c 

:::: 

6 

5 

4 

3 

2 

1 

0.584 0.634 0.734 0.834 
Aggregated weighted index A* 

Figure 1. Wheat grain plotted against the aggregated 
weighted index. Weightings assigned by human 
expert 

The best fit distribution for KWI versus yield is 

y = 0.014x 103.149x R2 , where R2 = 0.95. This has 
a high correlation with unseen experimental data. A * 
in this case gives a measure of the biophysical land 
capability for growing wheat as it combines weights 
accordingly the climate and soil variables for growing 
wheat. A* can subsequently be used for decision 
making by assessing land suitability for wheat 
growing in terms of climate, soil texture, soil depth, 
soil pH, slope, salinity, rainfall, temperature, and the 
duration of growing season. 

We can further sophisticate the examples by 
considering the current economic climate that may 
impact upon any decision to grow wheat. Consider, 
hypothetically, that the yield required to survive as a 
wheat farmer is in the range of 0.8 to 1.2 tonne/ha. 
Subsequently, the decision tree for determining la..1d 
suitability can be described as follows: 

A*< 0.58 unsuitable 
0. 58 ~ A* < 0. 62 marginal 

JlE(X)= 0.62~A*<0.68 suitable 
0.68 ~A*< 0. 72 recommended 
A* ~ 0. 72 strongly recomended 

Hence after obtaining A* from the interaction matrix 
of (8), the use of the above rules aids in deciding the 
suitability of a given parcel of land for growing wheat 
on the basis of biophysical and economic 
considerations . 

A more extensive comprehensive evaluation model 
that aids in decision making for agricultural 
applications and includes economic, management and 
environmental impact, in addition to biophysical 
features has been developed by Sun et. al[8,9]. 

4.0 Discussion 

The methodology described here gives a simple and 
effective means of incorporating interdisciplinary 
knowledge, both empirical and human derived, into 
one comprehensive model. The advantage of the 
methodology is that the user, by way of weightings, 
can estimate how the interplay of variables will affect 
the end result. This gives the expert an ability to 
experiment with the combined effects of different 
conditions on the overall outcome. It also provides a 
mechanism for verifying that weightings are 
appropriate by comparing the outcome with a prior 
case. When the outcomes of recorded, cases correspond 
to those produced by the method and this reinforces 
confidence in the assigned weightings. 

The expert's active participation in decision making, 
and comparison of the results obtained as a 
consequence of giving different weightings, is a great 
aid in decision making. Though this process continual 
dynamic adjustment of weightings can be made. 
Extensions to the work currently under investigation 
include automating the assignment of weightings 
through symbolic and sub symbolic machine learning 
techniques[4,5]. 

5.0 Conclusions 

An example of the methodology presented is shown to 
determine the biophysical land capability for wheat 
production. The technique can be extended to 
demonstrate how land management decisions can be 
made on the basis of economic and enviroiLmental 
rationale. 
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The impact of various variables on the primary 
decision making index (in this case crop yield) can be 
assessed by considering a knowledge weighted index. 
Variables are partitioned into the matrix that is crossed 
with weightings that give a measure of the importance 
of a variable in determining an overall membership 
result. 

The means of obtaining weightings from domain 
knowledge by interview are described. With data sets 
that are sufficiently large, weightings can be derived 
automatically by using a least squares analysis[9]. 

The technique described in this paper gives a 
mechanism for integrating empirical and qualitative 
knowledge into continuous numeric formulations 
using fuzzy set theory and has proven effective in 
decision making for land management crop choices. 
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Abstract 
Recently, fuzzy systems are used in many fields and places. In order to apply the fuzzy system to wider fields, it is 
necessary to study the tuning methods of the fuzzy system. Some self-tuning methods were proposed so far. However 
these conventional self-tuning methods do not have sufficient capability of generalization. In this paper, we propose 
new self-tuning fuzzy inference. The fuzzy inference consist of membership functions that are expressed by spline 
junction. Descent method is applied to tune the membership functions and consequent parts. The effectiveness of the 
proposed methods is shown by some numerical examples. 

Key Word: Self-tuning fuzzy inference, Spline-membership function, descent method 

1 Introduction 

In recent years, fuzzy systems such as fuzzy reasoning, 
fuzzy modeling, and fuzzy logic controllers are utilized in 
many fields as engineering, medical engineering, and even 
social science. Some fuzzy control system already can be 
seen in home appliance, transportation system, and so on. 
We also have been studying about the sensor integration 
system applied fuzzy inference.[l,2, and 3] 

Fuzzy system has a characteristic to represent human 
knowledge by some fuzzy rules. However the fuzzy system 
has some problems. In most fuzzy systems, the shape of 
membership functions of the antecedent, the consequent, 
and fuzzy rules were decided and tuned through trial and 
error by operators and their experienced knowledge, 
therefore it takes many times to decide and tune them, and 
it is very difficult to design the optimal fuzzy system in 
detail. This problem is more serious, when the fuzzy 
controller is applied the more complex system. 

In order to solve this problem, some self-tuning 
methods have been proposed such as Fuzzy Neural 
Network[4] that is applied the neural network method[5], 
fuzzy learning controller applying Radial basis function[6 
and 7], utilizing the genetic algorithm for deciding the 
shapes of membership functions and fuzzy rules [8], and so 
on[9]. 

These methods can learn faster than neural networks. 
However operator must decide 'the number and shapes of 
membership functions before learning, and the learning 
ability and accuracy of approximation are related to the 
number or shape of membership functions. Fuzzy inference 
with much membership function and fuzzy rules has high· 
learning ability, however there are some redundant rules or 
unlearned rules. The number of rules is product of the 
number of membership function for each input, and the 
number of rules is increased as exponential with increase of 
the input number. Therefore operators must pay attention 
to decide the structure of the membership functions. For 
this problem, the hierarchical fuzzy inference has been 
proposed to reduce fuzzy rules. However this method also 

has two problems. One is that the number of rules is 
increase d with increase of the input number. Other is that 
the operator must design the fuzzy inference considering 
the relation of each input because inputs are classified into 
some groups and the relation of each input is cut into off. 

[7 and 8] utilize Radial Basis Function and make a 
fuzzy inference adding a new rule for the maximal error 
point through learning process. Therefore, fuzzy rule 
depends on the learning data set and if the learning data is 
biased, there are some unlearning area. These methods also 
have the increasing fuzzy rule problem and adding of fuzzy 
rules are cause of consuming the calculation time and 
memory. These methods do not integrate or delete a fuzzy 
rule, only add a new fuzzy rule. 

Self-tuning fuzzy inference based on B-spline[IO] has 
been proposed[ll]. The characteristic of this method is that 
each membership function is utilized as B-spline and three 
membership functions is fired for one input and then the 
output is cl function. However for n input system, fired 
rules are increased as 3n and it needs much calculation. 
Learning is only carried out for the consequent part, and the 
learning ability is depends on the initial state because of no 
adding knot. 

In this paper, we propose a new type of self-tuning 
fuzzy inference. The membership function of the antecedent 
is expressed by the spline function. In [11], a membership 
function (B-spline) only covers a part of the input space. 
On the contrary, the input space of each membership 
function covers the whole space of each input variable, 
thus this fuzzy inference can be constructed by less 
membership function and fuzzy rules and the initial state 
problem does not arise and it is able to learn in short time. 
In order to enhance the learning ability, this fuzzy inference 
adds/deletes a new knot that can make the spline function 
more complex shape. The added knot affects little to the 
calculation time of inference. 

We describe the structure of the fuzzy inference based 
on spline function, it's learning method, the knot 
addition/deletion method, and show the results of numerical 
experiments. 
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2 Fuzzy inference based on spline 
function 

2.1 Construction 

The.fuzzy inference based on spline function proposed 
here have the consequent with numerical value. Note that 
input variables are defined as x 1, X2, .... , xn and estimated 
result as y, then the i-th rule of fuzzy inference is expressed 
as follows; 

Ruler If XJ is MiJ and x2 is Mi2 and ... and Xn is 
Min. then y is Wi (i =I, 2, ... , m) (1) 

where W i and M in means numerical value of the 
consequent of the i-th fuzzy rule and the membership 
function for input variable Xn of the antecedent 
respectively. 

The membership function of the antecedent M ij is 
expressed by the natural cubic spline function, and each 
fuzzy rule consists of some membership functions 
individually. The natural cubic spline function can be 
expressed by the value, here the value is the grade of 
membership, and the second derivative on the knot with 
the simple equation (2) [12]. Thus grade of membership of 
the i-th rule M ij against input XJ is the output Jlij of the 
natural cubic spline function which expresses M i}· 

(2) 

where Xi}k· f.lijk. and mijk means position of knot, grade 
of membership at Xi}k· and the second order derivative at 
Xijk respectively. Here, the grade of membership is limited 
as 0 to 1. Therefore a fitness of the antecedent of the i-th 
rule Jli is given by eq.(3). 

f.li = f.lil o f.li2 o o o Jlin 

then the result of estimation y is calculated by eq.(4). 

m 

'LJ.Li • w; 
y =..t:i-::>1 __ _ 

m 

'LJ.Li 
i=l 

(3) 

(4) 

In ordinary fuzzy system, each rule does not cover the 
whole input space, because each membership function 
takes a part of the input domain. Our proposed 
membership function takes the whole input space. 
Therefore each rule of the fuzzy inference covers the whole 
input space. 

Membership function of each rule implies the 
probability distribution map about the rule. Therefore it is 

difficult to express the probability distribution map like 
parity bit problem, because each learning data has 
contradictory learning data. The exclusive-or problem with 
2-input and an output is an example. Now we select the 
learning data (XJ, X2) as (0, 0), (0, 1), (1, 0), and (1,1) and 
we use two rules (the consequent value of rule 1 is 0, rule2 
is 1. When we think about input x 1, the value is 0 at (0, 
0), however the value is 1 at (0, 1) and they are 
contradictory. This contradiction can be seen on all 
learning point, therefore the fuzzy inference cannot make a 
membership function for each rule. 

In order to express the parity bit problem, proposed 
fuzzy inference has two more membership functions that 
express the position information of input data. One 
membership function is about the angle e for 4-input 
given by eq.(S), and the other is about the distanceD that 
is given by eq.(6). For these membership functions, the 
proposed fuzzy inference can learn the parity bit problem. 

() = tan-1(tan-1(xl,xz),tan-1(x3,x4)) (5) 

n 2 
D = I,(xic- xJ (6) 

i=l 

where Xic means the center value of the input variable Xj. 

Membership function for e is expressed by the cubic 
periodic spline function, others are expressed by the natural 
cubic non periodic spline function. Figure 1 shows the 
structure of the fuzzy inference based on the spline function 
and Fig. 2 shows the calculation way of the angle 
information e. 

X] Xn 

Fig. 1 Fuzzy inference based on Spline Function 

Xj X2 XJ X4 ••• Xn 

\I 
12 

\I 
34 

\ 

e 
Fig. 2 Angle information El 
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2.2 Learning law 

Learning of membership functions of the antecedent 
and values of the consequent are conducted by the descent 
method. Eq.(7) defines the error function. 

(7) 

where Yp· and Yp * means the output of the fuzzy inference 
for the p-th learning data and the p-th learning data . 

The consequent of the i-th rule Wi is refined by the 
partial differential of eq.(7) by Wi as follows, 

i)Ep i)Ep dyp ( *) Jli .1W; =-a-=-a--=-a y -y -- (8) aw;. ;)., aw,. P p m 
I ~p I I~ 

i=1 

where a means the learning rate of the consequent. 
Learning of the antecedent is conducted by refining the 

kt:tots of the spline function which satisfy 
Xijk '5. x j '5. Xijk+ 1· The learning equations of Jlijk and 
Jlijk+l are defined by partial differentiate eq.(7) by Jlijk I 
Jlijk+l as follows, 

(9) 

W,· y Jl x · -x·"k 
dJlijk+l = -f3(Yp- Y/)_.!.:::_1?_ • _i • J 

11 (10) I. Jlz Jlij hijk 
l=l 

The learning equations of Xijk and Xijk+ 1 are defined as 
partial differentiate eq.(7) by Xijk I Xijk+l as follows, 

( *) wi-Yp Jli &ijk =-r Yp -yP -m--•-;;:•Xijk 
Illz 

11 

1=1 (11) 
Xjjk+1 -Xj 

Xijk = h 2 (llijk- Jlijk+t) 
ijk 

( *) Wi-Yp Jli dxijk+1 =-r Yp-Yp -m--•-.. •Xijk+l 
Ill/ Jlz; 

1=1 (12) 
Xj -Xijk 

xijk+ 1 = hj 2 (llijk - Jlijk+ 1) 
ifk 

where 13 and y are the learning late of Jlijk I Jlijk+l and 
Xijk I Xijk+ 1 . 

2.3 Knot addition/deletion method 

The proposed fuzzy inference consists of the spline 
function. The shapes of spline function depend on knots. 
The learning law of the section 2.2 is applied for changing 
the value and the position of the knots. However the 
number of knots limits the ability of the expression, thus 
the learning ability also is limited. 

For this problem, the fuzzy inference adds or deletes 
knots of spline function in order to improve the ability of 
expression of membership function and the learning 
ability, not adds a new fuzzy rule. 

Knot addition is carried out when the changing of mean 
square error (eq.(l3)) is small, i.e. eq.(l4) is satisfied fork 
times continuously. The position of the additional knot is 
the maximal error of the learning data and the value is the 
output of the spline function . 

(13) 

Et-1 
(14) 

where t means iteration time, k, and e are the constant 
value set before the learning. 

By the learning process or the additional knot process, 
if there is a knot which cannot be carried out the learning, 
i.e., the knot is not used through a learning cycle, and the 
deletion of the knot is not affect the mean square error, the 
knot is deleted except knots of both ends. 

2.4 Learning algorithm 

In this paper, we propose two different initial 
conditions of Fuzzy Neural Networks as follows; 

(1) Shape of membership functions of the 
antecedent is initialized as the grade is 0.5 in any point as 
Fig. 3 and define the consequent value of each rule's. 

(2) Shape of membership function is initialized as 
Fig. 5. The consequent is initialized as 0.0. 

The number of rules of initial state(!) is that of the 
operator decided before learning. The minimal number is 
two from eq.(4). For initial state(2), the number of rules is 
product of each divided number of input space. For 
example, for 2-input system and each input space is divided 
into three parts, the number is nine. 

Learning is carried out by two steps. For initial state 
(1), the antecedent is tuned using eqs. (9)-(12) as the first 
step. When the total error almost converges or the total 
error is smaller than the objective value of the first step, 
both the antecedent and the consequent is tuned 
simultaneously as the second step. For state (2), the first 
step is tuning of the consequent using eq.(9). The second 
step is the same as in case of initial state(l). Figure 5 
shows the learning algorithm. 
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Fig. 5 Learning algorithm 

3. Simulation results 

1.0 

In order to show the effectiveness of propsed fuzzy 
inference, we apply the inference to identify the 2-input 1-
output nonlinear function described by eq.(15) and shown 
in Fig.6. The learning data consist of 11 by 11 points at 

1 

0.75 

y 

20 
Fig.6 Reference 

1.0 

Cl. :c 
"' I. 
Ql 

.t:l 
13 
Ql 

13 0 . ... 
0 
Ql -= ~ 
I. 

t!l 

0.0 
0.0 0.5 1.0 

X] 

Fig. 7 Learning result of initial state( 1) 

intervals on the input space, and the evaluation data consist 
of 21 by 21 points at intervals. Learning process repeats 
till the mean square error becomes smaller than 0.001. 

The proposed inference which consist of 2 rules, where 
each rule has 4 membership functions with 5 knots 
respectively, was set to the initial state (1) and leaning was 
carried out 12 times' iteration. The mean square error for 
the learning data is 8.67xl0-4, the maxim square error is 
8.79xio-2. Fig.7 shows the learning completed 
membership function and Fig.8 shows the output of the 
proposed inference for the evaluation data. For the initial 
state(2), 4 rules with 2 membership functions consist of 5 
kl'J.ots was employed and 35 times' iterations was carried 
out. The mean square error was 9. 79x 1 o-4 and the 
maximum error was 8.43xio-2. Fig.9 shows one of the 
learning completed membership function and Fig.l 0 shows 
the output of the inference for the evaluation data. There 
appears few differences in among Fig.6, Figs.8, and I 0. 
we also apply the inference to identify the 2-input 1-output 
function described by eqs.(16) to (21), the 3-input 1-output 
function described by eqs.(22) to (24) compared with Fuzzy 
Neural Networks (FNN) [5] and the Gaussian function 
based fuzzy inference. FNN is tuned by changing 
parameters of the sigmoidal function (the antecedent part) 
and the consequent values. The Gaussian fuzzy inference is 
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also tuned by changing parame.ters of the Gaussian 
function (the antecedent part) and the consequent values. 

At first, in order to examine the basic learning ability 
of each fuzzy inference, we carried out the identification and 
estimation test by eqs.(l6) to (18). We use sequential and 
random set data for the identification and estimation test 
data. The number of identification data with random set is 1 
50 and that of estimation data with random set is 300. The 
identification data with sequential set consists of 7 by 7, 0. 75 
the estimation data consists 21 by 21. The input range is 
0.0 to 1.0. 

The proposed fuzzy inference consists of two rules, two 
membership functions with three knots (18 parameters). 
FNN consists 3 by 3 rules(25 parameters). Gaussian fuzzy 
inference consists 3 by 3 rules (21 parameters). Learning 
rates of the proposed fuzzy inference are a = 0.2, p = 0.02 
, and y = 0.02, and the additional I deletion knot process 
is not carried out. Those of FNN are 0.02 for the 
antecedent and 0.2 for the consequent, and of Gaussian 
fuzzy inference are 0.001 and 0.1. 20 

Fig.8 Output of the proposed fuzzy Inference 
(initial state (I)) 

Iteration is carried out 500 times. Table 1 shows the 
results of the identification and estimation test after 500 
iterations and value of AIC[13]. In table, MSE means a 
mean square error. Equation (25) expresses the AIC, where 
E, N, and k means mean square error, the number of data 
set, and the number of controllable parameters, 
respectively. 

I. or----------------, 

Table 1 shows that the proposed fuzzy inference is the 
smallest AIC's value for each equation except eq.(18) in 
case of the random set. For eq.(18), FNN is the best value 
and Gaussian fuzzy inference and the proposed fuzzy 
inference are almost same. In case of sequential data, the 
learning ability of the proposed method is superior to the 
Gaussian fuzzy inference. Comparing with FNN, the 
learning ability of the proposed method is equal or over 
FNN. From the viewpoint of mean square error, the 
proposed method is smaller than others. Thus, the 
proposed method has high learning ability with a few 
controllable parameters. 

In order to show the effectiveness of the knot addition I 
deletion, we used more complex learning model expressed 
eqs. (19) to (24 ). In this case, we use two types of learning 
sets, i.e., sequential data set and random data set. In case of 
the random set, the number of data set is 20 ( 2-input 
equation) and 30 ( 3-input). Sequential data set for the 2-
input equation consists of 11 by 11 data points, 9 by 9 by 
9 data points for the 3-input equation. Learning is carried 
out until the mean square error converges under 0.001 for 
the random data set, 0.0001 for the sequential data set, or 
iteration reaches 500 times. 

The proposed fuzzy inference with initial state(1) 
consists of two rules, eight membership functions. The 
number of knots for each input is 6, that of the distance 
and angle information is 11(2-input), 16(3-input). For 
initial state(2), the input space is divided into 3, and each 
membership consists of 5 knots. The membership function 
for the distance and angle information consists of 9 knots 
(2-input), 13 knots (3-input). FNN and the Gaussian fuzzy 
inference consist 4 by 4 rules. Learning rates of the 
proposed fuzzy inference are a = 0.2, p = 0.02 , y = 0.02, 
e:::O.l, and k:::5. Those of FNN are 0.02 for the antecedent 
and 0.2 for the consequent, and of the Gaussian fuzzy 
inference are 0.001 and 0.1. 

1 

0.0 
0.0 0.5 

X] 
Fig.9 Learning result of initial state(2) 

0.75 

y 

Fig.1 0 Output of the proposed fuzzy Inference 
(initial state(2)) 

1.0 
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Table 2, 3, and 4 shows the results of the proposed 
fuzzy inference with random data set, with sequential data 
set, and FNN and the Gaussian fuzzy inference, 
respectively. In table, MSE, MAE, and "-"means a mean 
square error, a maximal absolute error, and MSE does not 
converge under 1.0*10-3, respectively. Figure 11, 12, 13, 
and 14 shows the error curve(initial state(2), eq.(21), 
sequential data set), the changing of the number of knots, 
the membership function after learning (initial state (1)), 
and the membership function after learning (initial state 
(2)). 

In case of the random data set, all fuzzy inferences can 
learn all equations except the proposed method with initial 
state· (1) for eq. (24) without the knot addition I deletion 
process. From tables, MSE of the proposed method is 
smaller than others. 

In case of the sequential data set, MSE of the Gaussian 
fuzzy inference does not converge under 1.0*10-4 for eqs. 
(19), (21), and (24) before 500 iterations. Carrying on 
learning till 1158 iterations, MSE converges under 1.0* w-
4 in case of eq. (19). MSE of FNN dose not converge 
under 1.0*10-4 in case ofeqs.(19), (20), and (22). 

The proposed method can learn almost equations except 
eqs. (21) and (24) in case of initial state (1). The reason of 
eqs.(21) and (24) is that these equations are discontinuous 
output and the output changes very fast. The proposed 
method cannot learn these quick changes with only two 
rules. In case of initial state (2), the proposed method with 
the knot addition I deletion process can learn all equations 
before ·1 00 iterations. Without the knot addition I deletion 
process, the method can learn them before 500 iterations 
except eq.(21). The method can learn eq. (21) at 915 
iterations. 

Figures 11 and 12 shows that MSE decreases with the 
knot addition I deletion process, and each table shows that 
iteration time of the proposed method with the knot 
addition I deletion process is smaller than others. Thus, the 
knot addition I deletion process is effective for improving 
the learning ability. 

y=sin(x 1)+cos(x2)+sin(x I)•cos(x2) (15) 

Y = sin(m1) + cos(m2) + sin(mt)cos(m2) + 1 (16) 
4 

y = 3x1 -2x2 +2 (17) 
5 

y = 1 if (x1 ~ 0.5 and x2 ~ 0.5) or 
(x1 ~ 0.5 and x2 ~ 0.5) 

y = 0 otherwise 

(18) 

(19) 

(20) 

(21) 

y = ;.{1 +cos( 2n~x12 + x2
2 + xl ))e -~x/+x/+x/ 

(22) 

X 0.3 +X +X 1.7 
y = 1 2 3 (23) 

3 
y = 1 if (x1 ~ 0.5 and x2 ~ 0.5 and x3 ~ 0.5) 

or (x 1 ~ 0.5 and x2 ~ 0.5 and x3 ~ 0.5) (24) 
y = 0 otherwise 

AIC=NlogeE + 2(k+1) (25) 

4. Conclusions 

In this paper, we proposed a new fuzzy inference that 
consists of some membership function expressed by the 
cubic spline function. We showed it's structure, and it's 
learning methods as follows: 

(1) Before learning, the value of the consequent is set 
to the operator's desired value, then fuzzy inference 
makes the shapes of membership function through 
the learning process. 
(2) Before learning, the operator decides the shapes of 
each membership function. Then fuzzy inference 
modifies the consequent and the antecedent through 
the learning process. 

We also show the effectiveness of the proposed method 
as follows: 

(1) For the fuzzy inference with initial state (1), the 
number of rules is free from the number of input. 
The inference can learn an object quickly except 
discontinuous function as eq. (21) or (24). 
(2) For the fuzzy inference with initial state (2), the 
soperator can design the fuzzy inference based on 
his/her knowledge. The inference also can learn fast 
and its learning ability is higher than other fuzzy 
inference with the same number of rules. 
(3) The knot addition I deletion process improves the 
learning ability, higher and more accurate. 

We also showed a part of learning ability through the 
simulation experiments. 
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Table 1: Basic Learning Ability 

!::::: 
Random Sequential -0 Q) ..... c.ll RBF FNN Proposed RBF FNN Proposed iS ~ g. ~ 

~SE !M SE MSE IMSE !M SE !M SE ~ Q 
x 10-4 AIC x 10-4 AIC x 10-4 AIC x 10-4 AIC x 10-4 AIC x 10-4 AIC 

6.16 ..c 72.4 -204.4 39.2 -227.1 40.9 -238.9 135 -169.0 64.2 -197.4 59.8 -214.8 f--
6.17 

•,j:j 
1.84 -387.9 0.88 -416.9 2.35 c:: 0.65 -446.0 -367.4 0.00 -1755 0.88 -421.5 

f-- ;9 6.18 1.90 -386.4 0.67 -430.5 3.82 -357.5 2.44 -365.6 0.00 -1191 1.96 -382.2 

6.16 ~ 88.0 - 46.3 - 42.0 - 116 - 42.5 - 56.7 -f--
6.17 .§ 2.24 - 3.67 - 0.70 - 2.00 - 4.07 - 0.55 -r-- <f.l 

6.18 ~ 3.16 - 2.05 - 4.05 - 2.17 - 3.04 - 1.23 -
Table 2: Learning Results of the Proposed Method for Random Data Set 

!::::: With knot addition/deletion Without knot addition/deletion 
0 Initial state (1) Initial state (2) Initial state (1) Initial state (2) ..... 
! Iterat MSE MAE Iterat MSE MAE Iterat MSE MAE Iterat MSE MAE 
llJ -ions x1oA -ions x 10A -ions xwA -ions x1oA 

6.19 54 Q.Q2 0.0499 39 9~85 0.041 'l 6R 9.75 0.0460 56 9.91 0.0504 
6.20 32 9.14 0.0430 26 9.71 0.0536 32 9.47 0.0438 31 9.80 0.0521 
6.21 112 9.92 0.0617 42 8.96 0.0706 206 9.95 0.0830 55 9.91 0.0967 
6.22 45 9.99 0.0277 93 9.72 0.0338 72 9.90 0.0378 136 9.87 0.0369 
6.23 35 9.72 0.0298 68 9.77 0.0397 41 9.92 0.0349 94 9.93 0.0459 
6.24 118 9.57 0.0888 42 9.95 0.0642 500 - - 42 9.95 0.0642 

Table 3: Learning Results of the Proposed Method for Sequential Data Set 

§ With knot addition/deletion Without knot addition/deletion 
..... Initial state (1) Initial state (2) Initial state ( 1) Initial state (2) 
~ Iterat MSE Iterat MSE Iterat MSE lterat MSE g. MAE MAE MAE MAE 
llJ -ions x w-5 -ions xw-5 -ions x w-5 -ions x w-5 

6.19 38 9.60 0.0343 56 9.86 0.0223 65 9.98 0.0376 89 9.93 0.0244 
6.20 36 9.96 0.0531 61 9.52 0.0336 51 9.94 0.0443 90 9.85 0.0410 
6.21 500 - - 98 8.99 0.0249 500 - - 500 21.9 0.0344 
6.22 22 9.61 0.1782 46 9.90 0.0294 23 8.89 0.1711 71 _2.93 0.0469 
6.23 46 6.43 0.0346 59 9.32 0.0358 48 9.92 0.0394 63 9.75 0.0355 
6.24 500 - - 96 9.86 0.1108 500 - - 390 10.0 0.0421 

Table 4: Learning Results of the Gaussian fuzzy inference and FNN 

!::::: Random data set Sequential data set 
0 RBF FNN RBF FNN ..... 
~ Iterat MSE lterat MSE Iterat MSE lterat MSE ::s MAE MAE MAE MAE 0"' -ions -ions llJ -Ions x 10-4 -Ions x 10-4 X 10-5 x w-5 

6.19 14 9.91 0.0742 14 9.02 0.0497 500 32.6 0.0367 500 56.8 0.0559 
Ji20 9 9.82 0.0982 11 9.94 0.0937 462 9.99 0.0347 500 62.2 0.0677 
6.21 281 9.66 0.0977 16 8.98 0.0898 500 - - 62 9.27 0.0402 
_6.22 24 9.55 0.0836 26 9.66 0.0860 298 9.99 0.0279 500 26.5 0.0551 
6.23 31 9.94 0.1105 17 9.98 01074 41 9.97 0.0303 27 9.87 0.0376 
6.24 124 9.51 0.1028 16 8.38 0.0894 500 - - 50 9.37 0.0477 
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Abstract 
This paper presents a generalized criterion proposed for training feed-forward neural networks and evaluates the 
performance of the resulting gradient-descent-based learning algorithm. This paper also presents revisions, improve-
ments, and extensions of the family of ELEANNE algorithms, proposed for training multilayered neural networks. 
The comparison of the proposed algorithms with their original version and gradient-descent-based algorithms indi-
cated that the proposed revisions of the algorithms improve significantly their convergence, reduce the occurrence of 
local minima during the training process, and make the algorithms less sensitive to the parameters provided by the 
user. 

1 Introduction 

Most areas of neural network applications are currently 
in the transition from state-of-the-art paradigms to 
large-scale systems for real-world applications. This 
last category includes applications of neural networks in 
speech processing, image processing and computer vi-
sion, pattern classification and recognition, system con-
trol, and robotics. As the neural network field moves 
toward maturity, it became clear that the learning algo-
rithms used to train "toy" networks to perform relatively 
simple tasks may be completely incapable of training 
larger networks in more complex problems. Slow conver-
gence and long training times are the disadvantages of-
ten mentioned when neural networks are compared with 
other competing techniques. There is a cross-fertilization 
between advances in neural network theory and applica-
tions. Certainly, applications of neural networks bene-
fit from theoretical developments in neural network re-
search. In return, problems arising in neural network ap-
plications provide useful feed-back to researchers in the 
area. For example, the development of large-scale sys-
tems for real-world applications emphasized the impor-
tance of certain issues, such as fast and efficient learning, 
generalization and scaling properties of various neural 
architectures, and learning without local minima. 

Feed-forward neural networks are frequently trained by 

the error back propagation (EBP) algorithm, which was 
derived by minimizing the quadratic error criterion using 
the gradient descent method [1]. Although the impact of 
this algorithm in neural network theory and applications 
was undoubtedly enormous, it is widely recognized that 
it suffers from slow convergence. The development of 
fast and efficient learning algorithms for neural networks 
has been a subject of considerable interest over the past 
few years. The popularity of multilayered neural net-
works motivated several researchers to focus on heuristic 
techniques for accelerating the EBP algorithm and the 
development of alternative learning algorithms. Acceler-
ated versions of the EBP algorithm were attempted by 
adapting the learning rate during training [2], [3], or by 
using various other heuristics to improve the convergence 
of the algorithm [4], [5]. 

The development of fast learning algorithms for multi-
layered neural networks was attempted by considering 
alternative criteria to the frequently used quadratic er-
ror criterion. In an attempt to derive fast learning algo-
rithms, several researchers suggested that feed-forward 
neural networks with binary outputs can be trained by 
maximizing the relative entropy of the expected out-
put with respect to the estimate provided by the net-
work [6], [7], [8]. It was experimentally verified that the 
gradient-descent-based learning algorithm resulting from 
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the maxirnization of the relative entropy, known as the 
QuickProp or quick back propagation (QBP) algorithm, 
converges faster than the conventional EBP algorithm 
[8]. It was proposed recently that feed-forward neural 
networks can be trained by appropriately relaxing the 
quadratic error criterion during training [9]. The result-
ing generalized training criterion led to a variety of fast 
and efficient learning algorithms, including the fast back 
propagation (FBP) algorithm [9], [10), [11), [12]. 

The development of alternative learning algorithms for 
multilayered neural networks was also attempted by 
modifying the optimization strategy and/or employing 
adaptation rules other than the gradient descent . Parker 
presented an interesting step toward the development 

fully justify the resistance toward the new developments, 
the only explanation seems to be that none of the algo-
rithms proposed as alternatives to the EBP algorithm 
emerged as a. clear winner. In some cases, the addi-
tional computational burden and implementation com-
plexity is not really balanced by a marginal improve-
ment in convergence. Other algorithms are used only by 
their creators, since they are not well-defined and eas-
ily reproducible. In conclusion, experimental evidence 
that a learning algorithm converges slightly faster than 
the EBP algorithm is not sufficient for its acceptance 
as a serious competitor. A new learning algorithm will 
be widely accepted only if it succeeds in training tasks 
where the EBP algorithm and its derivatives fail or their 
performance is unacceptable. 

of second-order learning algorithms for neural networks 
[13]. In an attempt to develop second-order learning al-
gorithms for feed-forward neural networks, Watrous con-
sidered various methods for approximating the second-
order derivatives of the objective function iteratively 
[14). Becker and le Cun attempted to improve the 
convergence of back propagation learning by using an 
approximation of the Newton method (15]. In an at-
tempt to develop second-order learning algorithms for 
feed-forward neural networks, Kollias and Anastassiou 
proposed an analytically complicated and computation-
ally demanding algorithm as an efficient alternative to 
gradient-descent-based algorithms (16] . Singhal and Wu 
suggested that the training of a multilayered neural net-
work can be interpreted as an identification problem 2 
for a nonlinear dynamic system which can be solved 

In an attempt to evaluate various training criteria ex-
isting in the literature, this paper compares the per-
formance of the EBP, QBP, and FBP algorithms used 
to perform a nontrivial task. After the publication of 
the ELEANNE family in [12], several researchers applied 
the algorithms in difficult training tasks and pointed out 
some of their shortcomings . This feed-back motivated 
the reexamination of the algorithms proposed for train-
ing multilayered neural networks, which resulted in the 
revisions and improvements presented in this paper [20], 
[21]. 

Training Feed-forward Neural 
Networks by using the extended Kalman algorithm [17). Pusko-

rius and Feldkamp proposed a learning algorithm for 
feed-forward neural networks based upon a decoupled 
extended Kalman filter [18). Karayiannis proposed an 
alternative optimization strategy, which provided the ba-
sis for the development of a family of Efficient LEarning 
Algorithms for Neural NEtworks (ELEANNE) (9] . This 
formulation resulted in efficient learning algorithms for 
multilayered neural networks which combine the conver-
gence properties of second-order optimization methods 
and the computational simplicity of the gradient descent 
method [9], [12), [19]. 

Although there has been a significant progress in the 
development of fast and efficient learning algorithms, it 
seems that researchers in the area are hesitant to employ 
the new training tools in applications. As a result of the 
popularity of the EBP algorithm, sometimes multilay-
ered neural networks are referred to as backpropagation 
networks. The inevitable result of such an identity in 
perception is that the inefficiencies of this learning algo-
rithm create a negative impression about an otherwise 
powerful neural architecture. Since the natural tendency 
of researchers to use well established techniques fails to 

Consider the feed-forward neural network with n; in-
puts, n 0 output units, and one layer of nh hidden units, 
shown in Figure 1. Assuming that the input of the net-
work is formed by Xj,k,j = 1, 2, ... ,ni, the outputs of 
the hidden units are hj,k = p(hj ,k) = p(vJ x~:), where 
x:l; = [xo,k x1 ,k x2,k .. . Xn,,k], xo,k = 1 'V k = 1, 2, .. . , m, 
and p(x) = tanh(x) . Let hk be the (nh + 1) x 1 
vector formed as h::; = [ho,k h1,1c h2,1c ... hn .. ,k], where 
ho,k = 1 'V k = 1, 2, . . . , m. The output of the network is 
formed by the elements Yi,k = O"(Yi,k) = O"(w; h~c), where 
0'(.) is a continuous, differentiable everywhere function. 
If the output of the network is analog, 0'( x) = x. If the 
output of the network is binary and the states of the 
output units are ±1, O"(x) = tanh(x). 

Feed-forward neural networks can be trained to carry 
out certain tasks by appropriately creating a training 
set, that is, a set of output-input pairs (Yk , x~:), k = 
1, 2, . .. , m, also called examples or associations. For a 
given application, the training set is determined by an 
external teacher. This kind of learning is called super-
vised learning. 
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Figure 1. A feed-forward neural network 

Feed-forward neural networks are trained by adjusting 
their synaptic weights in such a way that when the in-
put of the network is Xk its response is the corresponding 
output Yk . This is usually achieved by minimizing a dis-
crepancy measure Dk = d(Yk, Yk) beteween the desired 
output Yk and the actual response Yk for all the output-
input pairs in the training set. If the network consists 
of n 0 output units, the discrepancy between the desired 
output Yk and the actual output h can be measured by 

n 0 no 

Dk = L ,P(et,k) = L tP(Yi,k- Yt,k) {I) 
i=l i=l 

where ,P(.) is a positive definite, convex, continuous and 
differentiable everywhere function. The minimization of 
the total discrepancy measure 

m m no 

D = L Dk = L L tP(Yi,k - Yi,k) (2) 
k=l k=l i=l 

is frequently based on the sequential minimization of 
Dk, k =I, 2, ... , m. The training of a feed-forward neu-
ral network is usually performed in a sequence of adap-
tation cycles. Each adaptation cycle involves the adap-
tation of all the synaptic weights of the network with 
respect to all the associations which form the training 
set. 
The training of neural networks is traditionally based on 
the minimization of the objective function [I] 

{3) 

If the output of the network is binary, the network can 
alternatively be trained by maximizing the relative en-
tropy criterion [6], [7], [8]. If the binary outputs of the 
network take the values ±I, the network can be trained 
by maximizing [12], [22] 

m I m n. 

H = LHk = -2 LL[tP-(e,;,k) +tP+(ei,k)] (4) 
k=l k=li=l 

where 

{5) 

The maximization of { 4) is equivalent with the minimiza-
tion of the discrepancy measure D, defined in {2), with 
,P(e;,k) = tP-(e;,k) + tP+(ei,k)· 
According to a generalized training criterion proposed 
recently, a feed-forward neural network can be trained 
by minimizing the cost function [9] 

m "• 
G(.\) = L L[AtP2(e;,k) +(I- .\),Pl(e;,k)] (6) 

k:li=l 

where ~2_(e;,k) = ~el,k and.\ decreases from 1 to 0 during 
the trammg. If the outputs of the network are binary and 
take the values ±I, 

(7) 

It was suggested that the value of,\ may be determined in 
each adaptation cycle from the total error at that point, 
according to the following rule [9], [10], [11], [I2] 

.\=.\(E) = exp( -1-'/ E 2
) {8) 

where 1J is a positive real number. Although the rule {8) 
is not unique, it guarantees that ,\ ~ 1 during the initial 
adaptation cycles, i.e., when the total error E is large, 
and .\ approaches zero as the total error decreases. 
During the initial stage of training, i.e., when ,\ = I, 
the resulting algorithm is based on the minimization of 
the error G(I) = E = ~ E;'=1 E~~1 (Yi,k- Yi,k) 2 . The 
synaptic weights of the network trained on the basis of 
the generalized criterion are updated by penalizing er-
ror. During the last stage of training, i.e., when ,\ = 0, 
the resulting algorithm is based on the minimization of 
G{O) = E;'=l E~~1 Yi,k (Yi,k - Yi,k), or equivalently the 
maximization of C = E;'=1 E~~1 Yi,k Yi,k· C is a mea-
sure of similarity between the expected response and the 
response provided by the network. During this stage of 
training, the synaptic weights of the network trained on 
the basis of the generalized criterion are updated by re-
warding success. During the intermediate stage of train-
ing, i.e., when 0 < .\ < 1, the synaptic weights of the net-
work are updated by partly penalizing error and partly 
rewarding success. 
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3 Gradient-Descent-Based Algo
rithms 

A variety of learning algorithms for multilayered neu-
ral networks can be obtained by applying the gradient 
descent method on the training criteria presented above 
[12]. The update equations for each algorithm can be de-
rived by sequentially minimizing the corresponding dis-
crepancy measure D~c for k = 1, 2, .. . , m . The update 
equation for the synaptic weights Wpq is obtained as fol-
lows 

(9) 

If a network with analog output is trained by minimizing 
the quadratic error criterion, 

term e;,k = (Yp,l: - i/p,l: )2 . This term makes the conver-
gence of the EBP algorithm very slow after the initial 
adaptation cycles. It can easily be verified that if-\ = 0, 

{ 

( 1 + Yp,k )ep,l: 

e9e (0) = p,k 
(1 - Yp,k )ep,k 

if Yp,lc = +1 
(15) 

if Yp,k = -1 

This latter equation indicates that when the value of -\ 
approaches zero, the adaptation of the synaptic weights 
is determined by the error ep,k = Yp,k - Yp ,k. 

Finally, consider the output error which corresponds to 
the FBP and QBP algorithms after the initial adaptation 
cycles, i.e., when each i)p ,k approaches its target Yp,k . If 
Yp,k = 1 and Yp,k E [0, 1), then 1 ~ (1 + i)p,k) < 2. The 
definition of e!~~:(O) in (15) indicates that 

o qe " ep,k = ep,k = Yp,k - Yp,k (10) ere < e9 c (0) < 2 ere p,lc - p,k p,lc (16) 

If the output of the network is binary, 

l 
e!~~c = (1- ili,~c)(Yp,k- Yp,k) if D = E 

e~,k = e;~k = Yp,k - i/p,k if D = - H 

e!~~c(-') = (1- ili,~c)(Yp,lc- Ai/p,k) if D = G(-\) 

(11) 

It can also be shown that the synaptic weights Vpq can 
be updated through the equation 

- h Vp,l:- Vp,l:-1 + O:ep,lc XI; (12) 

where 

(13) 

The minimization of the quadratic error and the max-
imization of the relative entropy lead to the EBP and 
QBP algorithms, respectively [1], [8]. The minimization 
of the generalized training criterion resulted in the FBP 
algorithm [9], [10], [11], [12] . 
The convergence of the gradient-descent-based algo-
rithms presented above depends on the output error e;,l:, 

which is propagated back through the network during the 
training process. When A = 1, 

if Yp,l: = +1 
(14) 

if Yp,l: = -1 

When the estimate i/p,k is close to its target Yp,l:, the 
adaptation of the synaptic weights is dominated by the 

It can similarly be shown that this latter inequality is 
also valid in the case where Yp,l: = -1 and Yp,k E ( -1, 0] . 
This observation reveals a similarity between the FBP 
and QBP algorithms after the initial adaptation cycles, 
and also explains the fast convergence of both algo-
rithms. The crucial difference between these two algo-
rithms is that during the initial adaptation cycles the 
FBP algorithm is based on the minimization of the 
quadratic function (3). The possibility of formulating 
an alternative generalized criterion by combining the 
quadratic error and the relative entropy criteria has been 
discussed elsewhere [11], [12]. 

4 Improved 
rithms 

ELEANNE Algo-

The development of the family of ELEANNE algorithms 
was based on an alternative optimization strategy pro-
posed for training feed-forward neural networks [9]. This 
strategy is based on the adaptation of the synaptic 
weights that connect the hidden and the output layers 
using a second-order method, followed by the adaptation 
of the other sets of synaptic weights on the basis of the 
gradient descent method. This choice is justified by the 
observation that the effect of the synaptic weights on the 
training process decreases as the corresponding connec-
tions are separated from the output of the network by 
one or more layers of nonlinear hidden units. This latter 
argument is also supported by the fact that any insignifi-
cant fluctuation of these synaptic weights is absorbed by 
the sigmoid nonlinearities of the hidden units . 

In order to simplify the analysis which follows, assume 
that the multilayered neural network shown in Figure 1 
consists of two single-layered neural networks; the upper 
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network with synaptic weights Wpq, and the lower net-
work with synaptic weights Vpq. Clearly, the upper net-
work can be regarded as a single-layered network whose 
inputs are formed by the outputs of the hidden units. 
Assuming that Xk is the input of the lower network, the 
input of the upper network is the temporary input pattern 
h~c . The adaptation of the synaptic weights of the upp(.;r 
network is based on the observation that E = 2::7~ 1 E; , 
where E; = E;,m = 2:::=1 <!J(e;, ~c) = Et,m-1 + <P(e;,m) . 
The network can be trained with respect to the as-
sociations (Yk, x k) , k = 1, 2, . . . , m - 1 by minimizing 
E ;,m-1. The weight vectors can be updated with re-
spect to the new association (y m, Xm) by minimizing 
E;,m = E;,m-1 + <!J(e;,m)· Suppose that w; has been up-
dated with respect to (Yk, x~c), k = 1, 2, . . . , m-1 by min-
imizing E;,m-1, resulting in the estimate w; = Wi,m-1· 
The ith row of the weight matrix W is then updated 
with respect to (Ym,Xm) by minimizing E; ,m through 
the update equation [9], [12], [19) 

4.1 Recursive Inversion of the Hessian 

The Hessian matrix (20) can also be written asH; m = 
H;,m-1 + c;,m hm h;';.,, where c; ,k ~ 0. ·Therefore: the 
inverse P;,m = H~,; can be evaluated recursively us-
ing the matrix inversion lemma as P; m = P; m-1 -

b; ,mPi,m-1hmh;;,P;,m-1 1 where 8; ,,: c; ,~(1 + 
c; ,m h.;;, P;,m-1 hm)- 1 . Since there is no guarantee that 
the matrix H;,m is nonsingular, the recursive evaluation 
of P ;,m may be unstable. This problem can be over-
come by recursively evaluating P;,m = (TJ I+ H; ,m)-1, 
where TJ is a positive constant close to zero and I is 
the identity matrix. Using this approach, the inverse 
P;,m = (H;,m)-1 can be evaluated by [9), [12], [19] 

I I I I " ,., I 

P;,m = Pi,m-1- b;,m Pi,m-1 hm h:n Pi,m-1 (22) 

I - ( ... • I A -1 I where c, ,m - Ci ,m 1 + c;,m hm P;,m-1 hm) and P;,o = 
(1/TJ) I . 

{)E- The use of the learning algorithms resulting from this 
Wi,m = Wi,m-1-a H~,;lw,=W; , .,._, 0~~ lw,=W;,.,._, (17) approach in complex training tasks revealed some disad-

• vantages of this approach. In practice, even the choice 
where oE;,mfow; is the gradient of E;,m with respect 
tow;, H ;,m the Hessian matrix, and a is a positive real 
number, called the learning rate. 

It can be shown that the gradient of E;,m with re-
spect to w; can be approximated at w; = Wi,m-1 as 
8E;,m/8w;lw,=W;,.,._ 1 = - t:f,k hk [20], [21). If a net-
work with analog output is trained by minimizing the 
quadratic error, 

0 ' 
e;,~: = Yi ,k - Yi,k 

If the output of the network is binary, 

{ 

(1- ill,k)(y; ,k - i/; ,k) 
e't,k = 

Yi ,k - Yi,k 

if D= E 

if D = -H 

The Hessian matrix H;,m is of the form [20), [21) 

m 

H;,m = L c;,k hk hi; 
k=1 

(18) 

(19) 

(20) 

If a network with analog output is trained by minimizing 
the quadratic error , c; ,k = 1 V i = 1, 2, ... , no. If the 
output of the network is binary, 

ifD=E 
(21) 

if D = -H 

of a positive TJ very close to zero may lead to an un-
stable recursion for P~,m and force the resulting learning 
algorithm to oscillatory behavior. On the other hand, in-
creasing the parameter TJ for the sake of stability affects 
the convergence of the resulting learning algorithm. 

4.2 Compensation for the Initialization 
Process 

The development of stable learning algorithms that are 
not strongly affected by the initialization scheme pre-
sented above was attempted by compensating the inverse 
Hessian matrix for the arbitrary initialization of its re-
cursive evaluation [20), [21). The recursive evaluation of 
P~ , k is initialized by 

P,'. 1 = P ; o- 8; 1 P; o h1 £.•1 P; o 
I I ) I I 

(23) 

where 6; 1 = c; 1 (1 + c; 1 b.•1 P ; o h1)-1 and P; o = P~ 0 = 
I I I I I ~ ~ 

(1/TJ)I. In order to compensate for the use of P;,o, P~, 1 
is replaced in future recursions by P; 1 = P,'. 1 +8; 1 P~ 0 , 

I 1 I 1. 1 

where the compensation coefficient 8;,1 is selected in such 
a way that 

(P~ , 1 + 8;,1 P;,o) (c;,1 h1 hi)= I (24) 

In general , P :,k is evaluated m terms of P ;,k-l = 
P:,k- 1 + 8;,1.:-1 P;,o by 

I ' " 

P;,k = P;,k-1- b;,k P;,k-1 hk hk P; ,1:-1 (25) 
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where 6; ,/c = c;,lc (1 + c;,k hj; P; , .~:- 1 h~c)- 1 . In order to 
compensate for the use ofP;,o, P;,k is replaced by P;,k = 
P;,k + O;,k P;, 0 , where O; ,k is selected in such a way that 

(26) 

The compensation coefficient O;,k which satisfies this lat-
ter condition is given by [20], [21) 

4.3 Improved ELEANNE 5 
The ELEANNE 5 was developed for neural networks 
with nonlinear output units on the basis of the follow-
ing strategy: An adaptation cycle consists of n0 stages, 
corresponding to the output units. Each stage consists 
of the adaptation of the corresponding row of the weight 
matrix W and all the synaptic weights Vpq of the lower 
network by sequentially considering the m associations 
(9], (12], (19]. 
Consider the ith stage of an adaptation cycle and as-
sume that the synaptic weights of the network have 
been updated with respect to the associations (yt,Xt), 
i = 1, 2, ... , k-1, resulting in the estimates w; = w;,k-1 
and V = V~c- 1 . Also, let P; , ~c- 1 be the estimate of 
the inverse Hessian which corresponds to the ith out-
put unit , whose recursive evaluation has been initial-
ized as P;,o = (1/TJ) I . The compensation coefficient 

1 A A A A 

O;,k is evaluated as (}~k = c;,k (hj; t;,.l:) [1 + c; ,k (hj; t; , ~c)], 

where t;,k = P;,~c- 1 h~c . The inverse Hessian is then up-
dated with respect to the association (Yk, X!:) by P i,k = 
P; 1c-1-6; 1c t; dh, where 6; 1: = c; k (1+c; k hj; t; ~c)- 1 

and c;,k is' deflned' in (21) . I~ orde~ to co~pensat'e for 
the arbitrary initialization of the inverse Hessian, P i,k is 
replaced by P;,k + (O; , ~c/TJ) I. The weight vector w; of 
the upper network is updated with respect to (Yk, x~c) 
by 

(28) 

where gf k is defined by (19) . The synaptic weights of 
the lowe~ network Vpq can be updated with respect to 
the association (Yk, Xk) by minimizing D~c using the gra-
dient descent method. According to (1), D~c = f>~ + Di, 
where f>~ = I::j;,; ifJ(Yi,k - Yi,k), and D~ = ifJ(e;,~c) = 
ifJ(Yi ,k-Yi ,k)· Since only w; has been updated, the synap-
tic weights Vpq can be updated by minimizing D~ as fol-
lows [9], [12), [19) 

4.4 Improved ELEANNE 6 & 7 

The derivation of the ELEANNE 6 was based on the 
assumption that Ci,k = c;0 ,k = Ck Vi = 1, 2, . .. , n 0 

[9]. If the output of the network is binary, each of 
the no distinct matrices H;,m is replaced by Hm = 
2::;'=1 Ck h~c hj; = 2::;'=1 C; 0 ,Tc h~c hj;. During the ini-
tial adaptation cycles the output of the network is far 
away from the expected output and, therefore , Yio,k ~ 0. 
After some adaptation cycles, the output of the net-
work approaches the expected output. Assume that 
Yio,k is a linear function of the number v of adapta-
tion cycles and also Yio ,k = 0 when v = 1, that is , 
Yio,k = (3~ (v- 1)2 V k = 1, 2, . .. , m. Since IYio,k I < 1, 
exp(- Yto,k) ~ 1 - Yto ,k. From the definition of Ck in 
(21), 

exp(- 2 {3~ (v- 1)2 ) 

exp(- {3f (v -1)2 ) 

ifD= E 

if D = -H 
(30) 

where f3~c ~ 0. If the output of the network is analog, 
f3~c = 0 V k. 

The ELEANNE 7 was developed in an attempt to elim-
inate the additional parameters involved in the applica-
tion of the ELEANNE 6 algorithm [9], [12], [19] . The 
computational burden imposed by the existence of n0 

distinct matrices can be reduced if each of these matri-
ces is replaced by their average Hm = .l. "'':_:1 H; m = no~~- ' 

E;'=1 c1c h,~: hj; , where Ck = ~o 2::7~ 1 Ci ,k· 

Assume that during the vth adaptation cycle the synap-
tic weights Wpq of the upper network and vpq of the lower 
network have been updated with respect to the associ-
ations (YL, x.e), £ = 1, 2, . . . , k- 1, resulting in the esti-
mates W = W1c-1 and V= Vk-1· Suppose also that 
the recursive inversion of the Hessian has been initial-
ized as Po = (1/1J)I, and let P1c-1 be its current esti-
mate. The compensation coefficient (}k is evaluated as 
-1 A . A A . A A A 

Bk = Ck (hk t~c) [1 + Ck (h~: t~c)), where t~c = P.1:-1 h.~:. 
The inverse Hessian is then updated with respect to the 
association (YA:, x~c) by P~c = P1c-1 - 61c h tj;, where 
61c = c1c (1 +c.~: hj; h)- 1 and c1c is obtained as described 
above. The inverse Hessian is compensated for its arbi-
trary initialization by replacing its current estimate P k 

by P~c + (O~c/1J) I. The weight vectors of the upper net-
work are simultaneously updated with respect to (Yk, Xk) 
by 

Wi ,k = Wi ,k-1 + 0t gf,k P~c h~c Vi= 1, 2, . . . , n 0 (31) 

- + h Vp ,k- Vp,k-1 Otgpi,k Xk (29) where g't,k is defined in (18) and (19) if the output of the 
network is analog and binary, respectively. The synap-
tic weights Vpq of the lower network can be updated by 
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Al~orithm EBP QBP FBP 
Q( Eo -10 ~ Eo- w-2 Eo -10 

1 X 10 3 241,600 54,600 62,800 
2 X 10-3 100,720 22,460 26,240 
3 X 10-3 73,740 20,780 20,620 
4 x w-3 64,175 14 ,925 10,800 

Table I. A comparison of gradient-descent-based 
learning algorithms 

minimizing D 1:, defined by (1) , using the gradient de-
scent method . This minimization results in the following 
update equation [9] 

h 
Vp,l: = Vp ,/:-1 + O:cp,l: Xk (32) 

where c;,l: = (1- h.; ,k) 2:~,;; 1 cf,k Wip· 

5 Experimental Results 

The algorithms under consideration were used to train 
a feed-forward neural network with one layer of hidden 
units to separate two nested spirals in a 2-D space. This 
is a nontrivial classification task, which has been used 
as a benchmark in evaluating the convergence of learn-
ing algorithms [4], [23]. Some researchers reported that 
gradient-descent-based learning algorithms failed to con-
verge when tested on this training set . Nevertheless, 
even in cases where these algorithms were successful, 
the number of adaptation cycles required for convergence 
was tremendous (23]. 
In the first set of experiments, the training set consisted 
of 100 associations, formed by assigning the 50 points 
belonging to each of the nested spirals to two classes. A 
network with two inputs, one nonlinear output unit and 
one layer of 10 hidden units was trained using the EBP, 
the QBP, and the FBP algorithms initialized randomly. 
Table I summarizes the average number of adaptation 
cycles required for convergence to the total error value 
Eo = 10- 2 , evaluated over five trials, each starting with 
a different set of synaptic weights generated by a random 
number generator producing numbers between -0.5 and 
+0 .5. According to Table I, the FBP and QBP algo-
rithms both converge considerably faster than the EBP. 
As the value of the learning rate a: increases, the FBP 
algorithm converges faster than the QBP algorithm. 
The double spiral problem was also used for evaluating 

Lea.m.ing Rate ( o ) 
Algorithm 1 X 10-3 5 X 10 3 1 X 10 ~ 

QBP 46,000 No Conv . No Conv. 
Original 
ELEANNE 7 (17 = 1.0) 41,260 23,420 24,500 
Original 
ELEANNE 7 (17 = 0 .1) 28,800 8 ,675 No Conv . 
hnproved 
ELEANNE 7 (17 = 1.0) 11,980 2,540 1,740 
hnpr~ved 
ELEANNE 7 (11 = 0 .1) 10,000 1 ,680 1 ,300 

Table II. A comparison of improved ELEANNE 7 
with original ELEANNE 7 and QBP 

values of a: and TJ. According to Table II, the number 
of adaptation cycles required for convergence decreased 
as the value of 1J decreased. When the value of 1J was 
fixed, the number of adaptation cycles required for con-
vergence decreased as the learning rate increased. Tables 
II shows that the improved algorithms proposed in this 
paper converge faster than their original versions, are 
less sensitive to the initialization parameter 1J, and are 
not susceptible to local minima. In addition, the pro-
posed algorithms converge significantly faster than the 
corresponding gradient-descent-based algorithms. The 
comparison of the best results for each algorithm indi-
cated that the training times required by the improved 
ELEANNE algorithms (tEL) and the Back Propagation 
algorithms (tBP) are related by tELftBP ~ 1/54 [20], 
(21] . 

6 Conclusions 

The development of fast and efficient learning algorithms 
for feed-forward neural networks was achieved by using 
training criteria other than the quadratic error and/or by 
employing update rules more sophisticated than the gra-
dient descent. The experiments indicated that the con-
vergence of gradient-descent-based algorithms can be ac-
celerated by maximizing the relative entropy criterion or 
by relaxing the quadratic error criterion during training. 
It was also experimentally verified that the improved 
ELEANNE algorithms perform complex training tasks 
faster than their original versions and much faster than 
gradient-descent-based algorithms. 
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Abstract 
The objective of the present work is to develop a constructive method that uses certain a priori information about 
a problem domain to design the starting structure of an artificial neural network (ANN). The method explored is 
based on a general systems theory methodology (here called GSM) that calculates a kind of structural information 
of the problem domain via analyzing I /O pairs from that domain. A modularized ANN structure is developed 
based on the GSM information provided. The notion of performance subset (PS) of an ANN structure is described, 
and extensive experiments on 3-input, ]-output Boolean mappings indicate that the resulting modularized-ANN 
design is 'conservative' in the sense that the PS of the modularized ANN contains at least all the mappings in-
cluded in the GSM category used to design the ANN. Partial experiments on 5-input, ]-output Booleanfunctions 
indicate further success. The extended experimental results also suggest the possibility of using a measure of the 
learning curve of specified ANNs on a series of (in this case Boolean) functions to serve as a proxy measure for 
the complexity of those functions. This proxy measure seems to correlate well with a measure known as Boolean 
Length. Determining a function's Boolean Length is a non-trivial undertaking; perhaps it will turn out that 
training an ANN on the function and measuring its learning experience will be a useful measure of function 
complexity, and easier to determine than the function's Boolean Length. 

1 Background 

Neural networks [more properly, Artificial neural net-
works (ANNs)] represent an emerging computational 
paradigm whose design is based on hints taken from 
the study of biological brain. The three main 
computational attributes of biological brain we aspire 
to emulate are 1) massive parallelism, 2) obtaining 
information from the environment via learning, and 
3) good generalization. There is a broad range of 
problem types for which this new paradigm holds 
great promise, for example, pattern recognition, 
system modeling, signal processing, etc. A 
characteristic these problems have in common is that 
we typically do not have sufficient explicit knowledge 
about the problem to directly design a technological 
device to solve it, so for such applications, the learning 
attribute of ANNs is very important. 

In ANNs, learning (or training) involves a basic struc-
ture and a process of making modifications to the 
structure's parameters. The structure comprises com-
puting elements (here called neurodes) and their con-
nections. A neurode receives n signals from the envi-
ronment and/or from other neurodes, each through a 

path 'weight' parameter. A weight parameter multi-
plies the signal going through it, and all such products 
are summed together by the neurode (often called net 
input). Following this, the neurode performs a 
(usually nonlinear) mapping of net to yield the 
neurode's output value (the latter mapping is often 
called a transfer function in the neurode). See Figure 
1. In most learning/training methods suggested in the 
literature to date, the parameter adjusted during 
training is the path weight value, with the basic ANN 
structure and the neurode transfer functions remaining . 
fixed. The present paper discusses a candidate meth-
odology for using a priori information to prestructure 
the ANN in a way that contributes to 1) reducing the 
training time required, and 2) improving the generali-
zation performance of the resulting trained ANN. 

A useful characterization is to represent the ANN as 
shown in Figure 4a, where the "box" performs a map-
ping of the inputs to the outputs. Once the inputs and 
outputs are defined, conceptually, there exists a set of 
all possible mappings (SAPM) from the input domain 
to the output range [e.g., for an n-binary-input, 1-bi-
nary-output context, there are 22

" possible mappings]. 
For each ANN structure with a given setting of its 
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weight values, the ANN will perform exactly one of 
these possible mappings. Doing the mental experi-
ment of scanning all possible weight-value 
combinations in the given ANN, and collecting all the 
individual mappings performed by the ANN, we call 
the resulting collection of mappings the ANN's 
performance subset (PS) [17][15]. (Even in the bi-
nary case, if the number of inputs to the ANN exceeds 
approximately 30, it would be physically impossible to 

230 
build an ANN whose PS contains all 2 mappings, 
hence the name subset.) 

Figure 1. Basic neurode schematic. 

In Figure 2a, we symbolize the set of all possible maps 
(SAPM) as the region defined by the outermost 
boundary, and symbolize the PS of some given ANN 
structure as the region defined by the inner boundary. 
In Figure 2b, we add a point DM to represent the map-
ping corresponding to a problem we wish solved 
(Desired Mapping) . By our definition of PS as the 
collection of all those mappings it is possible for the 
given ANN structure to perform (over the set of all its 
weight values), it is not possible for the given ANN 
structure to perform the mapping DM shown in Figure 
2b. Thus, no matter what weight-adjusting algorithm 
one attempts to use, it would be impossible for that 
ANN structure to ever learn the mapping at DM. So 
what is the ANN designer to do? Several strategies 
suggest themselves for what might be done either be-
fore training and/or during training: 1) "move" the 
point DM until it is inside the given region PS (Figure 
2c), 2) "move" the region marked PS until it contains 
the desired mapping DM (Figure 2d), and/or 3) in-
crease the size of PS until it contains the point DM 
(Figure 2e). Strategy 1 may be accomplished by the 
designer selecting a different representation schema 
for the inputs and/or outputs, and de facto, is accom-
plished any time a designer selects a representation of 
the problem such that the ANN structure the designer 
is working with successfully learns the desired map-
ping. Strategy 2 is accomplished by selecting a differ-
ent ANN structure. The authors are aware of two ref-

erences describing approaches (that appear to) use this 
strategy on line [13)[20] (while this possible strategy 
was discussed even in the 1960's, a theoretical basis 
for such an approach is still in its infancy). Strategy 3 
is exemplified by the variety of methods that "grow" 
the starting ANN structure during training. To date, 
most training strategies assume that DM is already 
contained within the PS of the starting ANN structure 
(Figure 2f), and the job of the training algorithm is to 
converge upon DM -- indeed, typical convergence 
theorems state that a solution will be found provided it 
exists, and using the present vocabulary, this says 
provided DM is contained in PS. 

a) b) c) 

~ 
d) e) t) 

Figure 2. Set of all possible mappings (SAPM) and 
Performance Subset (PS) [shaded areas] (see text). The 
dot represents the desired mapping (DM). 

The present paper is concerned with the possibility of 
using a priori information about the problem domain 
to constructively prestructure an ANN with assurance 
that its PS contains the desired mapping (Figure 2f), 
and in addition, with assurance that the size of its PS 
is relatively small. The reason for the latter desire is 
that if a given ANN structure learns the training data, 
then the smaller its PS, the better its chance for good 
generalization performance [17][6]. This latter prop-
erty is the objective pursued by those methods that do 
weight 'pruning' [24][21]: they start with an ANN 
structure whose PS is large enough to assure inclusion 
of their DM, and then shrink the size of the PS in a 
principled way, making it smaller and smaller just to 
the stage before it no longer contains their DM. 

In the quest to prestructure an ANN for the above 
stated reasons, there is motivation to move away from 
homogeneous structures to structures that comprise 
modules of smaller ANNs. Issues of concern include 
physical realizability of ANNs, scalability of training 
time for ANNs with large numbers of connections, and 
successful generalization. The modular approach en-
tails smaller component ANN structures, hence easing 
these concerns. The ability to develop modularized 
ANNs is predicated upon the designer knowing (or 
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discovering) enough about the problem domain to be 
able to decompose the given task into meaningful sub 
tasks. A collateral assumption is that these sub tasks 
will require fewer input and/or output signals, and 
therefore smaller structures to implement them. The 
designer must also achieve a good enough understand-
ing of the internal structure of the problem domain 
and the specific task being implemented (e.g. , in a 
control context, the internal structure of the overall 
control system) to determine how to connect the ANN 
modules (and possibly other modules in hybrid 
systems) so together they can successfully solve the 
larger task. Research questions associated with such 
an endeavor include: what guidance can be developed 
for "parsing" a task/problem domain; how can the re-
sults of such parsing be used to design appropriate 
ANN modules; how can training data for the (possibly 
artificial) sub-tasks be developed to train the ANN 
modules; and if the modules are trained individually, 
how can such trained ANN modules be put together, 
with perhaps additional training, for the larger ANN 
to solve the original (whole) task? In the present pa-
per, the approach explored is to employ structural 
modeling methods from the literature of General Sys-
tems Theory to provide information to the designer 
about the structure of the problem domain, and this in-
formation is to be used to modularize an ANN prior to 
training with assurance that its PS contains the desired 
mapping OM. 

2 General Approach 

The method under exploration is based on techniques 
developed within the general systems community over 
the last 10-20 years for representing structural aspects 
of system properties [14][9][23]. One of these repre-
sentation schemas promises to be particularly useful in 
suggesting reduced-complexity connectivity patterns 
for ANNs. For convenience herein, this schema and 
associated notation is called the General System 
Method (GSM). This method provides structural 
knowledge about a problem via a particular kind of 
(information theoretic) analysis of data from that 
problem domain. It is an outgrowth of Ashby's earlier 
work in constraint analysis [1] and a number of sys-
tems researchers have contributed to its development 
and use (e.g. ,[8][9][10][11][4][5][3][2]). As success 
in this endeavor is accumulated, the method would 
inject a new step in the normally ad hoc process of 
choosing the architecture/training algorithm for an 
ANN application. 

The method is to be a constructive one, and to consist 
of three activities: 1) analyze data from the problem 
domain using exploratory (as opposed to confirmatory) 
multivariate techniques [this step potentially could be 
accomplished using ANNs in a different mode], 2) use 
the results to select a structural model representation 
of the data from the GSM lattice of structures 
(described later), and 3) design a (reduced-complexity) 
connectivity pattern for the ANN using the derived 
structural model of the data. The intent is to have the 
resulting structure of the ANN mirror the structure of 
the data, and thus a kind of structure matching (or, 
constraint matching) will have been accomplished. 
This avenue is intended to provide the desired assur-
ance that the performance subset (PS) of the selected 
structure will contain the desired mapping DM (Figure 
2f), and that the size of this PS is relatively small. 

3 Basic Modularization Approach 

The GSM notation that is used to represent structural 
attributes of constrained data, itself suggests a natural 
mechanism for transferring the constraint (structural) 
information into a modular design for an ANN archi-
tecture. The notation is shown in Figure 3. For a con-
straint that is equivalent to a non-decomposable rela-
tion among a set of n variables, the GSM representa-
tion uses a square box with n lines attached (the lines 
may represent inputs or outputs, but pre-specification 
is not necessary). If the constraint among the n vari-
ables were further decomposable, say into two non-de-
composable relations on (n-1) variables each, then the 
representation consists of two boxes, as shown in Fig-
ure 3b. The lines connecting the two boxes correspond 
to the (n-2) variables shared by the two sets of (n-1) 
variables. The individual lines at the outside of each 
box represents the two non-common variables. 

1 

~ 
n-2 

a) b) 

Figure 3. GSM Representation of Structures. a) Non-
decomposable relation on n variables, decomposed into 
b) Two non-decomposable (n-1) relations. 

In GSM, a lattice is used to organize the large number 
of possible combinations of non-decomposable sub-
relations among n variables [e.g., see [11], p.40]. The 
single node at the top of the lattice contains a box with 
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n attached lines (all n variables dependent), and the 
remainder of the lattice organizes all possible simpler 
structures, each representing a different possible con-
straint among the variables. Each level in the lattice 
corresponds to a different degree of decomposition 
(hence a different level of complexity). The bottom of 
the lattice contains n boxes, each with 1 attached line 
(all n variables independent). For the present context, 
the suggested approach is to determine the lowest en-
try (simplest structure) in the lattice that describes (to 
an acceptable tolerance) the constraint in the given 
data. The collateral suggestion is to then use the GSM 
pattern selected from the lattice (interconnected boxes, 
with labeled connection lines), with potential minor 
modifications, as a template for designing an ANN 
with substructures. The design principle is to 1) let 
each of the boxes in the selected GSM model represent 
a general (fully connected) sub-structure in the ANN, 
2) implement communication between the sub-struc-
tures via a synthetic variable that is introduced for 
each box, and 3) input these variables to an additional 
sub-structure introduced to accept these variables and 
to yield the system output variable(s) [an example will 
be shown in Figure 4b]. By virtue of this constraint 
matching process, the complexity of the ANN 
architecture can be reduced, and hence, the training 
process should be easier, and the potential for good 
generalization higher. 

3.1 Nominal Data 

For the case of qualitative (nominal, categorical) data, 
a constructive algorithm is used with GSM (using set-
or information-theoretic measures of the variable 
combinations) to determine which entry in the GSM 
lattice is the desired one (typically, this means the 
simplest structure with acceptable reproduction of the 
data). The method, however, suffers the combinatoric 
problems associated with nominal data; a label must 
be stored for each state rather than exploiting a metric 
to summarize the states. As is well known, tree 
searches can be computationally expensive. Even for 
n as small as 10, it is doubtful that a direct, top down 
search is computationally feasible. Conant [5] has de-
veloped a bottom up approach that incorporates heu-
ristics, and has demonstrated success for n on the or-
der of 100 on a microcomputer, and n of order 1000 
may be possible for mainframes. This is encouraging. 

The more usual case in ANN applications is to have 
data that are ordinal, interval, or ratio scaled, rather 
than nominal. More information is inherently avail-
able in such data, and the previously mentioned multi-

variate tools offer significant computational power 
with which to extract structural information by 
exploiting the metric of the data. Such methods might 
allow, after calculating constraint information for the 
given data set, the use of this information to pick out 
(rather than search for) the corresponding set of struc-
tural models from the GSM lattice which are consis-
tent with the data. Consideration of these ideas for 
data beyond the nominal is the subject of future re-
search. 

4 Four-Variable Structure 

The results reported here are based on an extensive set 
of experiments based on a four-variable (nominal-
data) structure. In GSM notation, the latter is 
designated an ABCD structure. In our case, due to the 
input/output nature of our problem context, we impose 
the notion of causality, and consider this a 3-input, 1-
output system, as shown schematically in Figure 4a. 
The data are all binary, thus this system is 
mathematically expressed as a Boolean function. The 
set of 223 = 256 possible Boolean functions 
(mappings) for such a system has been widely studied, 
and much is known about them. In the context of 
elementary cellular automata (ECA) for example, the 
256 mappings are grouped into 88 equivalence classes 
[25). This latter knowledge was used to select 
functions with known structural properties for the 
present ANN exploration. 
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Figure 4. a) Non-decomposed and b) decomposed 3-
input, 1-output system. The shaded boxes are imple-
mented as separate ANNs. 

Th.e study focused on relations of two different struc-
tural types: 1) non-decomposable, and 2) decompos-
able into two relations with one shared variable. In 
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GSM notation, type 1) is expressed as an ABCD struc-
ture, and type 2) as an ABD:ACD structure. We de-
fine D to represent the output variable of our causal 
system, and the ABD:ACD notation represents the 
case of A being the shared variable. Permutations of 
the input variables A,B,C generate a number of differ-
ent but topologically equivalent mappings. In GSM, 
the ABCD structure corresponds to a relation of 
maximum complexity -- there is no reduction available 
(within this framework). The ABD:ACD structure, on 
the other hand, represents the case where there is a 
(partial) decoupling of variables possible: that is, 
ABCD may be decomposed into two sub-structures 
ABD and ACD which are not further decomposable. 
These two sub-structures are said to share variable A 

Consider now the task of designing an ANN to per-
form a 3-input, 1-output binary mapping. If nothing 
were known a priori about the specific mapping to be 
learned, then a typical candidate ANN structure to put 
into the box of Figure 4a would be a feed-forward type, 
with perhaps a single hidden layer, and fully inter-
connected [for present purposes, we call this a 'non-
decomposed structure']. On the other hand, if a priori 
knowledge were available that the mapping to be 
learned was of the ABD:ACD type, then an ANN 
structure that would take into account such a priori in-
formation is shown in Figure 4b. In this case, we de-
compose the hidden layer into two sub-structures (the 
shaded boxes) which are not further decomposable. 
The number of inputs to each sub-structure is smaller 
than for the ANN of Figure 4a. [We call this a decom-
posed structure, or alternatively, a modularized struc-
ture.] For a 3-input system, with only 256 total possi-
ble mappings, this may seem trivial, but even moving 
up to just a 5-input system, the ANN related implica-
tions start becoming significant. For the 5-input case, 
the total number of possible maps is Order(billion)! 
As mentioned earlier, even for seemingly small num-
bers of inputs, it is physically not tractable to build 
ANNs whose performance subspace PS covers the en-
tire set of possible mappings, so, any constraints dis-
covered in the data that can be translated into corre-
lated constraints on the ANN structure would be most 
welcome. 

5 Experiments 

A set of experiments was performed on the 256 possi-
ble 3-input, 1-output Boolean functions, using the 
partitioning into 88 equivalence classes mentioned in 
the previous section. A consistent exemplar of each of 
the classes was selected, yielding a set of 88 functions, 

and then 1760 experiments were run on these 88 
functions [19]. Feedforward ANNs with back-propa-
gation-of-error training were used. All experiments 
with each structure type used the same starting state, 
and the same training parameters. The key variable in 
the experiments were the different mappings to be 
learned. The training process was stopped at specified 
increments of training iterations, and the performance 
of the ANN was evaluated, via counting the number of 
bits of the output mapping that were correctly learned. 
The initial experiments reported in [18] focused on 
just those functions of the ABD:ACD decomposable 
type, all of which are of GSM structural type 4, and an 
equivalent number of non-decomposable functions 
(type ABCD), which are of GSM structural type 6. 
The examples from structural type 6 were selected in-
tuitively to correspond in some plausible way to each 
of the ABD:ACD functions of type 4. Those prelimi-
nary results (Figure 5) paved the way to the more ex-
tensive experiments described in this paper. These 
experiments included examples from all six structural 
types. 
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Figure 5. Training results for ANN and modularized 
ANN over seven 3-input, 1-output a) decomposable 
functions and b) non-decomposable functions. 

First, experiments were run to determine the size hid-
den layer needed in the non-decomposed ANN struc-
ture to learn the examples taken from the ABCD class. 
We settled on a fully-connected, feed-forward structure 
with one hidden layer of 4 elements, and this led to a 
decomposed ANN structure (via removing selected 
connections) with each sub-structure in the hidden 
layer comprising 2 elements. The conjecture was that 
while the non-decomposed (more general) ANN would 
be able to learn all the mappings (i.e., both the ABCD 
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types and the ABD:ACD types), the modularized ANN 
would not be able to learn the ABCD mappings. Fur-
ther, it was conjectured that since the structure of the 
modularized ANN in some sense mirrored the known 
structure of the ABD:ACD mappings, the modularized 
ANN would be able to learn the ABD:ACD mappings 
'more easily' than the more general ANN structure 
would, and (more importantly) it was conjectured that 
if the two structures were each trained on partial data 
from an ABD:ACD mapping, then the decomposed 
ANN would have better generalization performance 
than the more general ANN structure would (since its 
performance subset (PS) would be smaller). 

Let us use the vocabulary introduced in Section 2 to 
discuss the 6 groupings of functions used in this study. 
As noted earlier, GSM structural type 6 refers to the 
most complex case, and thus these functions are ex-
pected to require the most general ANN structure, i.e., 
a fully connected one. The ABD:ACD functions used 
above are from type 4, and we have noted that the 
modularized ANN structure of Figure 4b works for 
these functions. The fully connected ANN structure 
selected has a performance subset (PS) that covers the 
entire set of 256 possible 3-input, 1-output Boolean 
mappings (as noted earlier, had the number of inputs 
been larger than approximately 30, this would not be 
physically possible). The modularized ANN structure 
used, however, has a smaller PS. The way the modu-
larization was done in this case was to divide up the 
elements in the hidden layer equally to the two parti-
tions. This can be considered in the same way as we 
discussed weight pruning earlier to infer that the PS of 
the modularized ANN is a reduced version of the more 
general ANN's PS (in this case, trivially so, since the 
larger PS includes the entire set of possible maps). A 
question of basic interest in the present research is 
how does the PS of the modularized ANN relate to the 
set of mappings associated with the various GSM 
structural types? We know that the PS of the modular-
ized structure does not contain some of the mappings 
of type 6 (when we trained on those mappings that in-
tuitively were among the "hardest" of these, the 
modularized ANN did not learn them). We also know 
that the PS of the modularized structure contains all of 
the mappings of type 4 (the ABD:ACD type), as it 
learned all of these. Since each structural type 
subsumes the lower types, we expect the PS of the 
modularized ANN structure designed according to 
structure type 4 requirements to include the mappings 
corresponding to the lower types. The e:\:periments 
bore this out. 

But, the full set of experiments show that the PS of the 
modularized ANN structure is in fact larger than just 
the mappings of GSM structural type 4. The modular-
ized ANN was able to learn all the mappings of type 
5, and further, some of the mappings of type 6. These 
results indicate that if we select a modularized ANN 
structure based on the GSM structural type inferred via 
GSM analysis of I/0 pairs of data from the problem 
domain, then the design is "conservative" in the 
sense that its PS is at least big enough to contain the 
mappings of the inferred GSM structural type. The 
fact that the PS is larger than just the mappings con-
tained in the inferred GSM set can be explained as 
follows: the mappings being explored are Boolean, 
i.e., all variables are binary. While the inputs to the 
ANN are binary, and the output neurode learns to give 
binary outputs, the hidden neurode values are not con-
strained (in our experiments) to binary values (these 
correspond to the synthetic variables D' and D" men-
tioned in Section 3). Accordingly, it is clear that the 
PS of the ANN prestucturing selected will be larger 
than the set of mappings of the inferred GSM set. For 
the 3-input case the size of the ANN's PS reached up 
into structural type 6 (not all of it though). For a 
number of inputs n, larger than the 3 used here, the 
number of GSM structural types will be significantly 
larger than the 6 associated with the n=3 case. 

Our analysis so far gives us hints suggesting the 
following speculation: the PS of tl1e ANN designed via 
the GSM structural information (i.e. the selected 
structure in the GSM lattice) will contain functions 
within the "neighborhood" of the GSM structure 
identified. The term neighborhood here is intended to 
mean within approximately 2 levels further up from 
the one selected in the GSM lattice of structures. In 
the 4 variable case (3 inputs, 1 output}, since the GSM 
lattice of structures is so small, the "neighborhood" 
reached into the top level of the lattice. However, for 
larger values of n, the GSM lattice will have 
significantly more levels, so the "neighborhood" could 
be a rather small fraction of the total range. 
Accordingly, the relative size of the prestructured 
ANN's PS will be a small fraction of the size of the 
collection of mappings up to the top of the lattice, and 
thus the difference between a general ANN's PS and 
that of a prestructured ANN will be greater, and thus 
the prestructuring will pay even better dividends than 
those already discussed for the n=3 case. We believe 
that the principle has been demonstrated, but there 
remains yet a significant amount of work to analyze 
even the 5-input case. 
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6 Generalization Experiment 

In discussions related to selecting data for training an 
ANN, the advise usually offered is that one must 
choose a "representative" set of data. In some cases 
this is to be based on intuitive/heuristic procedures, 
and in some others, based on statistical considerations. 
An example of the former category might be character 
recognition: in this case, we know we should include 
at least some examples of each of the characters to be 
recognized. In the second category, we are told to 
make sure that the pdf of the input data is appropri-
ately sampled. In general, the idea is that to the extent 
the data actually captures the structure of the applica-
tion domain, and to the extent the ANN then captures 
the structure contained in the da:ta, then the ANN can 
be expected to generalize well, that is, to provide cor-
rect responses for inputs not seen during training. 

The experiments described above provide a context for 
making explicit these ideas. So far, all the 3-input, 1-
output experiments were carried out with a full train-
ing set, where the research objective was to observe the 
learning process. In these cases, generalization was 
not at issue. But, when we do move on to consider the 
generalization question, the kind of knowledge avail-
able about the functions we are exploring is very use-
ful. Since there is a definite (known) structure for the 
functions being learned, we are in a position to con-
structively design a "representative" subset of the pos-
sible input patterns for training the ANN that theoreti-
cally contains enough information to infer the entire 
mapping. After the ANN trains on this subset, to the 
extent that its structure really is tailored to the struc-
ture of the desired mapping, then we should expect 
the ANN to generalize well. The better the structural 
match, the closer to 100% generalization. 

The 3-input case used for the rest of the experiments 
was judged too limiting for carrying out the desired 
generalization experiment, so we moved up to a S-in-
put, 1-output case. A set of four 5-input, 1-output 
functions, decomposable in a way indicated in Figure 
6, were crafted for thi.s experiment. By construction of 
these functions, we were able to select a training set 
comprising only 50% of the possible input patterns 
(i.e., just half the mapping) which we knew theoreti-
cally contained sufficient information from which to 
infer the total mapping. This set was used to train 
both a general (fully connected) 5-input ANN and a 
modularized 5-input ANN (cf. Figure 6). For the de-
composed functions, both structures learned the train-
ing set perfectly. However, there was a big difference 

in the generalization tests: 1) the modularized ANN 
gave perfect responses for the 1/0 pairs not seen dur-
ing training, and 2) the ·general ANN averaged only 
55% correct responses (nearly random) on these test 
inputs. Also, four non-decomposable functions were 
selected, and both ANN structures trained on them, 
again using 50% of the possible input patterns. The 
general ANN learned the training set, while the 
modularized ANN did poorly. The modularized ANN 
did poorly at generalizing, and so did the general 
ANN. While these experiments used but a small frac-
tion of the possible mappings in the 5-input, !-output 
context, the experimental procedure of constructing a 
focused experiment and having this give results which 
support the hypothesis carries reasonable convincing 
power -- especially since it was constructed such that if 
the experiment gave negative results (counter-
example), it would have significantly undermined the 
basic premise of the approach. 
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Figure 6. Modularized ANN, implementing a 5-input, 
!-output ABCF:CDEF system. 

A further observation from this experiment gives an-
other encouraging datum. Let us recall from Section 1 
the notion of performance subset (PS), and in par-
ticular the size of PS. The general 5-input, 1-output 
ANN structure will have a relatively large PS (perhaps 
the entire set of 5-input, I -output possible mappings), 
and the modularized ANN will have a PS whose size 
is smaller. We assume that both PSs contain the de-
sired mapping DM, in this case the decomposable 
mapping(s) we crafted for the experiment. A well 
known phenomenon in training multi-layer percep-
trons with the back-propagation-of-error algorithm is 
the tendency to get stuck in local minima. One of the 
pieces of folklore knowledge in the neural-networks 
arena may be paraphrased here as follows: the bigger 
the size of PS, the more complex the error surface in 
weight space, and hence the more likelihood of there 
being a local minimum ("valleys in the terrain") in 
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which to get stuck. Stating this from a different 
perspective: a smaller relative size of the PS carries 
with it a smaller likelihood of there being a local 
minimum to get stuck in. The observation here was as 
follows: as expected, the modularized ANN was not 
able to learn the non-decomposable functions; 
however, while all of the decomposable functions 
selected were learned by the modularized ANN, in all 
the various experiments run, at least one of them were 
NOT learned by the general ANN, even with the same 
starting weight values. Based on such a small sample 
size, we can only speculate that the modularized ANN 
benefited from the reduction in the size of its PS in 
avoiding the local minima the general ANN got stuck 
in. If further research bears this out, then there is 
another substantial motivator at hand for using 
modularized ANNs of the type suggested here --
namely, those whose PS is assured to contain the 
desired mapping, and further, whose PS is of relatively 
small size. 
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Figure 7. Train results for four 5-input, 1-output 
Boolean functions (train set used 50% of each resp. 
mapping). Generalization results cited in text. 

7 Proxy Measures for Complexity? 

The 88 functions studied in these experiments were 
sorted according to the 'learning difficulty' experienced 
by the 1) fully-interconnected ANN and 2) the modu-
larized ANN. In addition, the same functions were 
sorted according to four different measures in the lit-
erature dealing with Boolean functions, namely, the 
already discussed GSM structural type (range 1-6) 
[11], and in addition the Lambda-count (range 0-4) 
[11], Fluency (range 1-9) (theory developed in [25], 
original idea by Ashby[22]), and Boolean Length 
(range 1-10) -- this is the minimum number of 
Boolean operations necessary to represent the binary 
string (related to Kolmogorov complexity) [25]. 
Values of these four complexity measures for the 88 
Boolean functions selected for our experiments appear 
in [25]. In comparing these sorted lists, except at the 

two ends (where all but Lambda basically concurred), 
it turned out that there was little, if any, correlation 
between the orderings given by the 4 published 
measures of complexity. However, there was a good 
correlation in the orderings provided by the Boolean 
Length measure and the 'learning difficulty' assigned 
to each of the ANN structures investigated. The sug-
gestion based on these observations is that certain 
measures of the learning curve of specified ANN 
structures might be used as a proxy measure for the 
complexity of certain classes of functions [19]. The 
learning curve may be characterized by (at least) two 
of its attributes: the transient portion and the steady 
state level. Here the steady state level can be 
characterized by the number of bits learned (max. of 8 
for the 3-input, 1-output case), and the transient by the 
number of training cycles required by the ANN 
structure to accomplish the learning. Other qualities 
of the transient suggest themselves via visual analysis, 
but have not yet been reduced to quantitative 
expressions. While the investigation here was based 
npon Boolean functions that have well documented 
properties in the literature, there might be a basis for 
developing this approach to other classes of functions. 
Thus we have a turn of events. Instead of lamenting 
the difficulty an ANN has in learning a given task, we 
might be able to use the learning experience of 
specified ANN structures as proxy measures for the 
complexity of certain classes of functions. 

8 Related Extensions 

These considerations suggest yet another extension. 
As was mentioned earlier, the research reported here 
assumes that GSM structural analysis would pick out 
of the GSM lattice of structures a structure that (best, 
in some sense) captures the structural information 
available from the given I/0 data pairs. However, it 
was also noted that this GSM process suffers a combi-
natorial problem in searching the lattice. Proposed 
heuristic methods offer some relief [5]. Turning our 
perspective around, we could think in terms of creat-
ing a collection of prototype ANN modularized struc-
tures, one for each layer in the lattice (some ANN 
structures may cover more than one layer in the lat-
tice). In a set of controlled experiments, one could 
catalog the learning curves for each prototype ANN 
structure for a range of functions selected from above 
and below the prototype's position in the lattice. The 
functions from below would result in an "ease-of-
learning" characteristic, and the functions from above 
would result in a "difficulty (or impossible)-to-leam" 
characteristic. Then, develop a strategy to use the set 
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of prototype ANN structures to determine which level 
in the GSM lattice best represents the data being 
studied. This strategy would include observing the 
learning curve of selected prototype ANN structures, 
and use this information to decide whether to move up 
or down the lattice. A bracketing kind of strategy 
could be appropriate. It could turn out that this way of 
finding the desired GSM lattice level could be done in 
a more tractable way than is presently possible via ex-
tant GSM methods. Further, this could provide a two-
stage process for ANN development. Use this hy-
pothesized strategy to do preliminary tests on the data 
using ANNs in order to pick our which ANN structure 
to then commit to more extensive training for develop-
ing a solution to the problem at hand. 

8 Conclusion 

To recapitulate, the assumption is that we start with a 
set of 1/0 data for the problem domain, specifically 
here, binary I/0 data. Next, we submit this data to 
what we are calling GSM structural analysis, and this 
analysis assigns a structural type to the data (ranging 
from type 6 to type 1 for the 4-variable case). This 
structure number is a kind of complexity measure (6 
being the most complex), relating to the decomposabil-
ity of the Boolean function inferred to underlie the 
given data. This yields a rather coarse coding of the 
possible 256 functions being considered, and as might 
be expected, within each category, there will be a gra-
dation of the degree of complexity, if we had a finer 
way to measure it. Nevertheless, the premise here is 
that even this rather coarse measure can be put to good 
use in modularizing ANNs --where 'good' here relates 
to improved learning speed, and more importantly, 
improved generalization performance 
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Abstract 

Gardenfors [3] proposed convexity as a non-logical criterion for predicates that are amenable to 
induction. Some well-known paradoxes appear to be resolvable using this criterion. In this paper we show 
that the convexity criterion subsumes classical mathematical induction if a transitivity assumption is made. 
This provides independent evidence for the viability of the criterion since classical induction is clearly 
successful in formal domains. 

1. Introduction 
In artificial intelligence (AI) the problem of 

induction is a central one. Machine learning (e.g. 
[10]), logic programming (e.g. [1]), and a host of 
similar activities (e.g. [6]) in AI rely on notions of 
induction inherited from philosophy, mathematics 
and other disciplines that pre-dated computation. 
The earlier literature on induction inspired 
principally by philosophy revealed a number of 
paradoxes of induction that proved to be vexing 
enough that the philosopher of science Popper [9] 
was moved to propose that there is no induction! 
Recently, Gardenfors [3] attempted to resolve the 
known paradoxes by incorporating ideas from 
cognitive science to establish criteria for 
properties that are susceptible to induction. For 
completeness we shall review some of the better 
known paradoxes and re-capitulate Gardenfors' 
thesis that a necessary condition for induction is 
that the property being considered should be 
identifiable with a convex region. The main result 
in this paper is that convexity is closely linked 
with classical mathematical induction, thereby 
lending support to the thesis. 

It was Hume (see [9] for a discussion) who 
frrst argued that induction has no logical basis. 
The argument can be summarized as follows. 
When induction is invoked to justify a prediction, 
the assumption is that there is a sequential (or 

temporal, etc.) regularity in nature. But what is 
the basis of this regularity assumption? It is 
induction itself! So induction is circular and not 
logically warranted. Yet, notwithstanding 
Popper's denial of induction, there appears to be a 
commitment to induction as a matter of scientific 
practice. Other more recent paradoxes seem to 
cast doubt that logic alone can resolve this issue. 
Three will recounted as examples. 

The frrst is the well-known "heap paradox" 
which seems to invalidate classical mathematical 
induction. It goes thus: 0 grains of sand is not a 
heap, and certainly if n grains of sand is not a heap 
then n + 1 grains is also not a heap; hence by 
induction any number of grains of sand is not a 
heap. 

The second is the "raven paradox" due to 
Hempel [5]. It consists in the candidate statement 
for induction in the form of "all ravens are black" 
being captured in logic as 'ltx(raven(x) -7 
black(x)) which is equivalent to 'lfx(-,black(x) -7 

-.raven(x)). Then among the confrrming instances 
of this latter statement are things like pink 
blossoms. 

The third is the "grue paradox" due to 
Goodman [4]. Its essence is this. Suppose that up 
to the present all emeralds, identified by criteria 
other than colour, are green. Let "grue" describe 
anything that is green up to the year 2000 and then 
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is blue thereafter, and let "bleen" describe 
anything that is blue up to the year 2000 and then 
is green thereafter. Then all emeralds seen up to 
now are grue, so why is not the statement ' all 
emeralds are grue" a good candidate for 
induction? It is no escape to say that "green" is 
simpler than "grue" because we can define green 
to be "grue before year 2000 and bleen thereafter". 
We feel, rightly so, that green is a good candidate 
for induction but not grue, but there is no logical 
basis for it 

Because of these and related difficulties, a 
number of researchers have considered extra-
logical criteria for induction. The most recent of 
these proposals is due to Gardenfors (op. cit), and 
it is to this that we shall now turn. 

2. Convexity 
The principal argument that Gardenfors 

advances for his view is that successful induction 
--called projectibility -- depends on pre-linguistic 
knowledge. There are classifications that humans 
(and many animals, perhaps without awareness) 
use because they are "wired" that way by 
evolution and natural selection. The properties 
that are projectible by human standards are so 
because their remote ancestors who chose non-
projectible ones paid the ultimate penalty for their 
mistakes. Gardenfors does not state it so starkly, 
but the gist of his argument leads to a cognitive 
view of how induction is performed. It depends 
on how knowledge is structured and represented, 
and it is important to understand topological 
properties as much as logical ones in order to 
establish criteria for projectibility. 

The basis of Gardenfors' criteria is the notion 
of a conceptual space that carries quality 
dimensions from which the topology arises. It is 
best to paraphrase an example of his to illustrate 
this point. Consider the perception of colour, 
something that must be understood to resolve, say, 
the grue paradox. The physicists have a precise 
definition of colour by reducing it to intervals of 
wavelengths. However, human perception of 
colour has a psychological dimension as well, and 
this is given by the colour circle in figure 1. The 
physical dimension has a linear topology, while 
the colour circle has a polar co-ordinate topology. 
What is interesting about both is that a colour 

classification in either is convex in that topology. 
One example in support of convexity as a 
necessary condition for projectibility is 
Gardenfors' explanation of why "grue" is not 
projectible. See figure 2 for this argument 

yellow 

violet 

Figure 1 The Colour Circle 

grue 

1900 2000 2100 

Figure 2 (after Gardenfors [3]) 

Predicate grue is not convex 

Since time is another quality dimension it is 
used to extend the colour circle in figure 1 into a 
cylinder with the obvious topology. In this 
topology it is easy to see that "grue" is not convex. 
To show mathematically that it is not convex 
requires the formal definition that we will shortly 
recall, but informally a set is convex if the points 
between any two points in it are also in it, i.e., set 
membership is closed under a "betweeness" 
relation. Another argument that Gardenfors 
provides is indicated in figure 3 which shows a 
taxonomy tree of the type frequently encountered 
in botanical, zoological, and object-oriented 
classifications. Here convexity. depends on a 
notion of "between" defined as follows: node z is 
between nodes x and y if there is a path (it must be 
unique if it exists since this is a tree) that leads 
from x to y via z. An example of such a 
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classification is one in which the top node is 
"animal", its two child nodes are "bird" on the left 
and "mammal" on the right, and the leaf nodes 
have the following interpretations -- A is "kiwi", 
B is "horse", C is "dog" and D is "mouse". Then 
the nodes A, B, C form a non-convex set, 
indicating by Gardenfors' criterion that it is not 
projectible, while the set consisting of the nodes 
B,C,D and E is convex and may thus be 
projectible -- the name of this set may be 
"mammal". The only way for the nodes A, B, C, 
D to be convex is for the whole tree to be the set 
being considered, in which case it is possibly 
"animal" that is being considered for induction. In 
taxonomy trees the projectible predicate for a set 
of nodes appears to be that named by their lowest 
common ancestor. 

One traditional resolution of the "heap" 
paradox mentioned above is to say that the 
predicate "heap" is fuzzy, by which one means 
that it does not return a definite true/false value for 
every argument. This can be seen by considering 
the difference between a collection of, say, 50 
oranges, marbles, or grains of sand each of which 
is piled up. The context seems to matter, which is 
just another way of saying that logic alone is 
inadequate. This paper is not concerned with 
fuzzy predicates directly. One way to introduce 
context into the heap predicate, however, is to 
decree arbitrarily that anything less than 10 
oranges is not a heap, anything more than that is. 
Then with the usual notion of betweeness for 
numbers, both heap and non-heap will be convex 
and projectible. It is a solution, but not entirely 
satisfactory. 

It is interesting that in work on psychological 
prototypes that are often the basis for informal 
induction, it is the centrality of certain exemplars 
that qualifies them to be prototypes. A bird 
prototype, for instance, may be one that has 
feathers, flies around in the day, lays eggs, has a 
beak, builds a nest, has mating songs, etc. Kiwis 
do not fly, owls fly only at night, cuckoos do not 
build nests; but all satisfy most of the other 
qualifying properties. In figure 4 we illustrate a 
topology for a prototype that has a metric 
indicated by the length of edge connecting an 
instance to the prototype. Here, the "between" 
idea is captured by two things -- one is the 

distance from the prototype (has an upper limit), 
and two, if x and y are two instances they must be 
connected via the prototype. 

Figure 3 {A,B,C} is not convex; 
{B,C,D,E} is convex 

Q penguin 

Figure 4 Prototype and instances 

Especially in the examples in figures 3 and 4, 
it is seen that underlying the convexity criterion is 
perhaps the more basic ones of connectivity, 
bt:tweeness and transitivity. What we will show 
here is that convexity, under a transitivity 
assumption, subsumes the basic properties, and 
these basic properties in turn imply a generalized 
convexity. In so doing we also show that classical 
mathematical induction is implicit in these ideas, 

Australian Journal of Intelligent Information Processing Systems- Voll, No.J March1994 



lending them support from a domain in which the 
success of induction is undoubted. 

Gardenfors (op. cit.) further justifies convexity 
as a necessary condition for projectibility by 
noting that the complement of convex sets are in 
general not convex. Many paradoxes of induction 
depend on a symmetrical treatment of predicates, 
and therefore implicitly assume that a property 
like convexity is preserved in complementation. 
In the raven paradox, ravens and non-ravens are 
ascribed a symmetry that is not deserved. In the 
grue paradox green and grue are symmetrically 
interdefinable when the colour circle plus time 
line show them to be asymmetric. 

3. Classical Convexity and its 
Generalization 

The following is the standard definition of 
convexity. 

Definition A 
S is convex if for all x, y inS and all J.! in [0,1], 
z = J.!X + {1-J.!)Y is inS. 

It presumes a vector space structure in S over the 
real field Away from a vector space the natural 
generalization of (A) is to replace the notion of 
points in a line with points that are "between" the 
the end points x and y. This can be done in many 
ways, as was indicated in the examples of 
hierarchy trees and prototype graphs above. 
However, we will do this in a way that covers 
these examples and also reveal the linkage of 
convexity to the basic notions of transitivity, 
connectedness and classical mathematical 
induction. 

Definition A on convexity will be generalized 
in stages to relax the requirements that space S be 
a vector space and the multiplier J..L be in the real 
[0,1] interval. 

First, rewrite (A) as 

inS(x) A inS(y) A J.!E [0, 1] ~ 
inS(J.! x+ (1-J,!) y) . (B) 

Here the inS(p) predicate formalizes the 
proposition p e S. Now introduce by definition a 
new predicate endpt(x,y) to mean informally that 

x and y are endpoints of a line from x to y, i.e., 

endpt(x,y) H inS(x) A inS(y). 

with the line property captured as: 

endpt(x,y) A J.!E [0, 1] ~ 
endpt(x,J.!X+{1-J,!) y) 

(C) 

A endpt(J.!X+{l-J.!) y,y). (D) 

To relax the requirement of collinearity and a 
vector space, an abstraction that can be made is to 

assume that given two points x and y inS there is 
at least one path from x to y (not necessarily 
reversible) and the membership of all points in 
that path in S is assured if x and y are in S. This 
can be done by strengthening the definition of 
endpt(_,_) to 

endptl(x,y) H endpt(x,y) A x<y. (E) 

In introducing the binary relation x < y into S we 
implicitly assume that it derives from a partial 
order ::;; on S. x < y means x ::;; y but x '* y. Then 
the relationship x < z < y (an abbreviation, of 
course, for x < z A z < y) would have the intended 
meaning that z is "in between" x and y. Noticing 
that in essence (D) and its predecessors simply say 
that points in between two end points in S are also 
inS permits the generalization of (D) to: 

endpt(x,y) A (x<z<y) ~ 
endpt(x,z) A endpt(z,y). (F) 

The requirement that there is always some z such 
that x < z < y whenever x < y is that S is dense 
with respect to <. This not being always so, we 
split x < y into two cases: (i) there is a z such that 
x < z < y and (ii) there is no such z. To 
distinguish these cases we introduce an auxiliary 
predicate by definition. 

next(x,y) H endpt1(x,y) A ...,3z(x<z<y). (G) 

Consider the formula: 
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endptl(x,y) ~ (endptl(x,z) 
A endptl(z,y)) v next(x,y). (H) 

Lemma 
Assuming the definitions (E) and (G), (F) is 
equivalent to (H). 

Proof 
Assume (F) and endptl(x,y). If there is no z such 
that x < z < y then by (G) next(x,y) holds, so (H) 
is true. On the other hand, for any z such that x < 
z < y, (E), endptl(x,y) and (F) ensure that 
endpt(x,z) and endpt(z,y) hold. Appealing to (E) 
again shows that endptl(x,z) and endptl(z,y) hold, 
hence (H) is true. Conversely, assume (H) and the 
antecedent of (F) endpt(x,y) A (x <z < y). Then 
from (E) we have endptl(x,y) and from (G) and x 
< z < y also that -,next(x,y). Hence from (H) we 
must have endptl(x,z) and endptl(z,y), which 
imply from (E) endpt(x,z) and endpt(z,y). Thus 
(F) is true. 

Now, (H) is "almost" a logic program except that 
the material implication goes the wrong way. If it 
is reversed we will have the logic program of two 
clauses: 

endptl(x,y) +-- next(x,y). (Il) 

endptl(x,y) +-- endptl(x,z) A endptl(z,y). (I2) 

The interesting fact is that (H) is precisely the 
well-known Clark completion [2] of (11) and (I2). 
In proposing this completion, Clark was 
formalizing the idea that logic program clauses 
(rules) that share the same head (conclusion) are 
really definitions by case of the head, where each 
case is defined by the body (antecedent) in a 
clause. The "if' style of the clauses, in Clack's 
interpretation, hides an implicit "only if' 
disjunction of the cases. Thus, the program 
consisting of (11) and (I2) has an "only if' 
completion that says endptl(x,y) implies either of 
the two antecedents of (Il) and (I2) since these are 
the only two cases. Hence (H) is obtained as this 
completion because the common head in (11) and 
(I2) is made to imply the disjunction of their 
respective two antecedents. 

Suppose now that we forget that (Il) and (I2) were 
suggested by (H), but instead regarded them 
independently. That is, we take (11), (I2) and the 
definitions (C) and (E) as starting points with no 
assumptions about the nature of the relation < on 
S (not even assuming that it is a partial order). 
Then (I2) alone will force < to be transitive and 
dense, while adding (11) will say that at least for 
some x, y with x < y, density need not be the case. 
The analogy to the construction of ordinals in set 
theory should be clear. Clause (11) holds between 
the analog of successor ordinals, and unlimited 
application of clause (I2) gives the analog of limit 
ordinals. 

Definition B 
Let R be a binary relation on a space X. The 
irreflexive transitive closure of R, denoted by R+ 
is defmed by: 

i. R1 =R 

m. Rt =uRn 
neN 

If c is in X, then reach(R,c) is the set {xI R+(c,x)}. 
It is well known that reach(R,c) is not a first-order 
defmable subset of X. Transitive closure is 
closely tied to classical mathematical induction. 
A brief review of the domain in which 
mathematical induction operates is perhaps in 
order. For details a standard reference is [7]. Let 
M be a set of undefined elements called numbers. 
In M we assume there is a number 1, a relation 
succ(x,y) - intended to be the successor relation -
and the following axioms. For no xis it the case 
that succ(l,x); for every x there is a y such that 
succ(x,y), so successors always exist; if succ(x,y) 
and succ(x,z) then y = z, so successors are unique 
(and hence give rise to a unary function S). The 
axiom of induction can now be stated. If G is a 
subset of M satisfying the following properties: (i) 
The number 1 is in G; and (ii) if a number x is in 
G and succ(x,y) then y is in G; then G = M. The 
connection between transitive closure and 
induction is then simply this: The relation R 
corresponds to the relation succ, the space X is the 
set of numbers M, the number 0 is identified with 
the constant c, and the induction axiom in this 
correspondence says that reach(succ,O) = M. 
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Another way of viewing this is to say that there 
are no points in X other than those that are 
reachable with a fmite number of applications of 
the function S that arises from succ. 

Having made the connection between classical 
mathematical induction and transitive closure, we 
will now indicate the link between transitive 
closure and the joint meanings of the logic 
program (11) and (12) and its Clark completion 
(H). The end result of this is the connection we 
sought between mathematical induction and 
generalized convexity. To do this we make a 
simplification to the relation < . Let < be well-
founded and reverse well-founded, i.e., there is no 
infmite descending chain ... < d3 < d2 < d1; and 
there is no infinite ascending chain d1 < d2 < d3 < 
... . Then there cannot be, for any given x,y such 
that endptl(x,y), an unlimited number of recursive 
applications of (H), or what is equivalent, if x < y 
and inS(x) and inS(y), then there are only a finite 
number of points z1 < q < .. < zk in between x 
and y that are also in S. Then, for any c in S such 
that endpt(c,y), we are assured that y is in 
reach(next,c). Hence, (H) expresses transitive 
closure of points in S via the relation nextL,_), 
and by the connection of transitive closure with 
classical mathematical induction, we can see that 
(H) is a generalization of this induction. The role 
of the logic program (11) and (12) is to ensure 
transitivity of <, while that of (H) is to guarantee 
that "convex" predicates satisfy "connectivity" or 
"reachability". Seen in the light of classical 
induction as a closure property, (H) says that the 
only points in S that are in the < relation are those 
which are connected by repeated applications of 
the nextL,_) relation. This is the conclusion (G = 
M) in the definition of mathematical induction 
above. Parts (i) and (ii) of that defmition 
correspond in a natural way to the (11) and (12) 
parts of the program respectively. 

The upshot of this sequence of arguments is 
that the original Gardenfors idea of introducing 
convexity as a criterion for projectibility subsumes 
that of classical mathematical induction. This 
should not be surprising, for if classical induction 
cannot be subsumed by the convexity criterion 
then the latter would be suspect. 

What happens when we do not make the 
assumption of well-foundedness and reverse 

well-foundedness? In that case, infinite ascending 
and descending chains with respect to < are 
possible, and (H) can be invoked an unlimited 
number of times. It does not take much to see that 
this subsumes, not classical induction but 
transfinite induction. For, when< is interpreted as 
a well-order, the implied recursion in (H) is such 
that every invocation of the consequent using the 
antecedent endpt1(x,y) will have a least z such 
that endpt1{z,y) --i.e., next(x,z), and by repeating 
this argument it is seen that y is a limit ordinal in 
this ordering. 

4. Conclusion 
We have provided arguments to show that 

convexity of predicates is closely related to 
classical mathematical induction. Indeed, if we 
think of classical induction in terms of some 
successor relation rather than a function in discrete 
spaces then generalized convexity can be regarded 
as just a statement that the transitive closure of the 
relation covers the whole space starting from 
certain given points. This connection provides 
independent evidence that some version of 
convexity may be a good extra-logical candidate 
for projectibility. 

The logic program (11) and (12) is just a re-
naming of the standard "ancestor-parent" program 
[1] that is a favorite for illustrating transitive 
closure computations. What is not usually 
realised is that it is also a good illustration of the 
notion of theoretical term [8], one characterization 
of which is that it is a generalization of a local 
concept to a global one. Theoretical terms 
correspond informally to "unobservables" in the 
physical sciences (e.g. entropy), and their 
properties are gauged indirectly via observables. 
In the context of (11) and (12) this amounts to 
saying that the endptl predicate is an 
unobservable and its observable counterpart is the 
next predicate. They are joined together in the 
special way that one is the transitive (convex) 
closure of the other. One wonders how 
widespread such a relationship is in the sciences in 
general. 
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Abstract 
This study compares the performance of two recently published schemes for the measurement of two-dimensional image 
velocity: the Generalised Gradient (GG) scheme and the Image Interpolation (11) scheme. It is shown, theoretically as well 
as by simulation, that the II scheme is more robust to noise, to the aperture problem and to structureless images, despite 
the fact that it requires only marginally more computation than does the GG scheme. 

1 Introduction 

Two new methods for computing optic flow have appeared 
recently in the literature: the Generalised Gradient 
scheme [1,2], and the Image Interpolation scheme [3]. 
Both schemes compute two-dimensional image velocity 
within a patch (of arbitrary size) by assuming that the 
velocity is homogeneous within the patch. They yield the 
hori:zontal and vertical components of image velocity, Vx 

? 

and Vy . This paper compares the performance of the two 
schemes with respect to accuracy, noise tolerance and the 
aperture problem. The two schemes can be compared 
readily because they both compute image velocity by 
measuring local spatiotemporal changes in the image, 
rather than by identifying and tracking features or 
computing spatial autocorrelations. Furthermore, both 
schemes are relatively fast, non-iterative and potentially 
applicable to real-time analysis of video image sequences 
[4]. 

2 Description of the two schemes 

The Generalised Gradient (GG) scheme computes velocity 
by applying six different spatial filters to the image patch. 
Two of the filters are characterized by non-identical, 
linearly independent spatial weighting functions, denoted 
by g(x,y) and h(x,y). Four otber filters, derived from the 
g and h filters, have spatial weighting functions that 
represent the partial derivatives of the g and h fllters 
along the x and y directions, respectively; these are 
denoted by gx,gy,hx and hy. If f(x,y,t) denotes the 
spatiotemporal intensity profile of the moving image, it 
can be shown that the components of image velocity, Vx 

and Vy are related to the outputs of the spatial filters in 
the following way [1,2]: 

d 
--JJ g . f. dx.dy =Vx. JJ g x • f .dx.dy + Vy. JJ gy. f.dx.dy (1) 

dt 

d 
- dt JJ h. f.dx.dy =Vx.Jf hx.f.dx.dy+ Vrff hy-f.dx.dy(2) 

where the double integrals refer to two-dimensional 
integration in space over the image patch. Thus, if one 
can calculate the instantaneous outputs of the spatial 
filters gx,gy,hx and hy , and the temporal derivatives of 
the outputs of the g and h f'tlters, the unknown velocity 

components Vx and Vy can be computed by solving the 
two linear simultaneous equations (1) and (2). Two 
successive frames of the image suffice to calculate image 
velocity. The theory behind this approach is developed in 
[1]. 

The Image Interpolation (11) scheme also uses two image 
frames, but computes velocity in a different way. Denoting 
the two-dimensional spatial image in the first frame by 

f 0 (x,y) and the second frame by f(x,y) this scheme first 
derives from fo a set of four reference images 
fi(x,y),f2(x,y),f3(x,y) and J4 (x,y). fi,f2,f3 and / 4 

are obtained by shifting / 0 by reference amounts +lure!• 

-lure! , +ll.Yref and -ll.Yref , respectively. Then, /is 

interpolated linearly from fo and the reference images 
/ 1, h, fJ and / 4 • In other wordS, we assume that f can 

be approximated by J: 
A V. Vy 
f = fo +0.5(-x-)(h- fi)+0.5(--){f4- 13) (3) 

!uref fj.y ref 

where Vx and Vy are the unknown components of velocity 
to be determined. These are determined by establishing 
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the values of V~ and Vy that minimize the mean-square 

errorE between the actual image in tbe second frame, f, 

and its interpolated approximation, f . This error E is 
measured as 

E = jj'l'.[f- j]2 dx.dy (4) 
where 'I' is a two-dimensional spatial weighting function 
that defines the patch over which the velocity is computed. 

Substituting for f from (3) and minimizing (4) with 

respect to V~ and Vy 
equations: 

yields two simultaneous 

V. 2 v,. (-Z-)JJ'f'.(h- ft) dJ:.dy+(-)JJ'f'.(/4- f3).(f2- fJ.)dx.dy 
Axnf · dYref 

= 2jJ'I'.(f- fo><h- Ji.)dx.dy (5) 

V. V, 2 (-z-)JJ'P.(f2- ft).(/4- f3 )dx.dy +(-)JJ'P .(/4- f3) dx.dy 
Axnf !J.Ynt 

= 2IJ'I'.(f- /o)(/4- fl)dx.dy (6) 

These equations can be solved for Vx and Vy to obtain the 
image velocity within the patch. Details of the theory 
behind this approach are described in [1]. 

3 Comparison of performance of the two 
schemes 

3.1 Performance In noise-free conditions 

Initially, the performance of the GG and n schemes was 
compared using a synthetic, noise-free image sequence. 
The image was defined on a 21 x 21 pixel array and the 
pattern used in the image sequence was a plaid, consisting 
of a superposition of horizontal and vertical sinusoidal 
gratings, each of spapal period 13.6 pixels (Figure 1). The 
plaid was defined by the function sin(0.5x)+sin(0.5y), 
where x and y denote pixel position referenced to the 
bottom left pixel. The intensity of this pattern varies from 
a maximum of +2 (white) to a minimum of -2 (black). 

Figure 1. Synthetic image (plaid) used to test the 
performance of the GG and Il schemes in Figs. 2-4 

Two-dimensional image motion was computed from two 
frames, for motion along the eight different cardinal 
directions as shown in Fig. 2a, with amplitudes ranging 
from 0.0 to 1.0 pixels in ten steps.With the ll scheme, the 
'I' function was a circularly symmetrical gaussian 
function centred on the centre pixel with a half-width of 
8.0 pixels, and the reference images were displaced by 1 
pixel in the +x, -x, +y and -y directions, respectively. With 
the GG scheme, the spatial weighting functions 
representing the g and h filters were elliptical gaussians, 
centred on the centre pixel with half-widths of 10.0 and 
6.0 pixels along the major and minor axes, respectively. 

a 1.5 
GGscheme 
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o• . o• 0 . " 0 • oo;. ~ 0 • 

0.5 ~ ... 
o• ,.q, O• ~ 

0& et 11 

ad " •"' ;>. 0 • • • • • ~ r, & & (:•. e u g ~-: '! ~ ~ 0• :> 00 ooo ••11 'I>~ .. Q 1> ., (J(J 

-0.5 o"o "' io • 0 11() • 0 ··o0 

"' ·~o • 0 .0 • 
0 .. 

-1 .. 
.o 

-1..:1_ .) -I -U.:> u U.) I 1.5 
Vx 

b 1.5 
II scheme 

0. 
o• .. 0 . o• 0 • 

0 • o• 0 • 
0.5 0 • 0 • o• "' ... oo• c:;. a. 

".rlf ~ .... 
;>. 0 ae"•• v2ooo 
> •••··~&~~\·••eg~ ••• o o oo o e•• 
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" Cl .QjJ 

-0.5 .~ -a .Po 
• ·~oo : • ·~oo 

• o •o • 
0 •o 

-1 
•a •o 

-1..:1_ _5 - 1 -0.5 0 U.:> I 1.5 
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Figure 2. Outputs of GG scheme (a) and ll scheme (b) to 
displacement of the plaid pattern in Fig 1 along the 8 
different cardinal directions, by amounts ranging from 0.1 
to 1.0 pixel in 10 steps. The circles represent the true 
velocity vectors and the asterisks depict the computed 
vectors. For clarity, the true displacement vectors are 
shown rotated 0.1 rad counterclockwise. 
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The mean half-width of each function was thus 8.0 pixels, 
ensuring that the GG and JI schemes were applied to 
similar-sized patches. The g function was oriented 
horizontally, whilst the h function was oriented 
vertically. The outputs of the GG and II schemes under 
these conditions are shown in Fig. 2a and Fig. 2b, 
respectively. It is clear that both schemes yield oulputs 
that are very close to the actual displacements, provided · 
the displacements are small compared to the spatial period 
of the plaid pattern. As the size of the displacement 
increases, the GG scheme tends to overestimate the 
displacement slightly, while the II scheme tends to 
underestimate it. 

3.2 Performance In noisy conditions: 

Next, the performance of the GG and II schemes was 
compared under conditions in which controlled amounts 
of noise were added to the synthetic image sequences. 

In one test, the plaid was displaced by a constant amount 
(0.8 pixels in x, and 0.5 pixels in y). Noise from a 
random-number generator, uniformly distributed in 
amplitude over the range (-0.1,0.1) was added to each 
pi~el in each frame, producing a noise/signal (peak-
amplitude) ratio of 5% in the image. The noise was 
uncorrelated between pixels and frames. The oulputs of 
the GG and II schemes were compared in 200 trials each, 
using the same random sequence for the noise in either 
case. The results are shown in Fig. 3 as scattergrams, 
where each point depicts the velocity vector computed in 
one trial, the dashed cross-hairs depict the inean velocity 
vector computed over 200 trials, and the solid coross-hairs 
depict the true (input) velocity. Visual comparison of the 
scattergrams reveals that the GG scheme (Fig. 3a) is more 
sensitive to noise than the II scheme (Fig. 3b). In 
quantitative terms, the standard deviation of the 
computed speed is 0.061 pixels with the GG scheme, and 
0.021 pixels with the n scheme. The standard deviation of 
the computed direction is 0.029 rad for the GG scheme, 
and 0.018 rad for the IT scheme. These characteristics are 
as expected from a theoretical analysis of noise sensitivity 
(see Appendix). 

In another test, the effect of increasing the noise 
amplitude on performance was examined. In Fig. 4 are 
shown the computed mean speed. mean direction and the 
standard deviations of speed and direction for the GG and 
11 schemes, for noise amplitudes ( -a,a) ranging from a = 0 
to a = 0.25. It is clear that the standard deviations in speed 
and direction increase more rapidly with noise in the case 
of the GG scheme (Fig. 4a), indicating that this scheme is 
more susceptible to image noise than is the II scheme (Fig. 
4b). However, whereas the GG scheme computes mean 
speeds that are close to the actual values, the 11 scheme 
tends to compute speeds that are increasingly lower than 

the actual speeds as the noise increases. The discrepancy 
can be corrected, however, if the level of noise is known a 
priori. 

GGscheme a 1.2..-----~-~-~-~---

0.8 

>: 0.6 

*.: . 

··;~ . 0.4 

0.2 

Vx 

b n scheme 
1.2 .----~-~-~-~-~-

0.8 

~ 0.6 

0.4 

0.2 

Vx 

Figure 3. Outputs of GG scheme (a) and II scheme (b) to 
displacement of the plaid pattern in Fig. 1 by 0.8 pixels 
along x, and 0.5 pixels along y, in the presence of image 
noise of amplitude 0.1 unit (5 % of signal amplitude). 
Results are shown for 200 trials in each case, each dot 
representing the output vector of a trial. The solid cross-
hairs depict the actual velocity vector, and the dashed 
cross-hairs the mean of the 200 computed vectors. 

3.3 Performance with aperture problem and 
structureless fields 

When the image is one-dimensional in structure, the 
direction of its motion is partially ambiguous. For 
example when the image is a linear stripe, only the 
component of motion perpendicular to the direction of the 
stripe is evident; the component parallel to the stripe is 
invisible, and therefore not measurable. This is commonly 
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Figure 4. Outputs of GG scheme (a) and II scheme (b) to 
displacement of the plaid pattern in Fig. 1 by 0.8 pixels 
along x, and 0.5 pixels along y, in the presence of image 
noise of amplitude ranging from 0 to 0.3 units in steps of 
0.05 (0 to 15% of signal amplitude). S and 9 denote the 
actual magnitude (pixels) and direction (radians) of the 

displacement, while S and 9 denote the mean magnitudes 
and directions of the vectors computed from 200 trials at 

each noise level 0' s and 0'9 represent the standard 
deviations of the computed displacement (pixels) and 
direction (radians) respectively. 

known as the aperture problem [5,6]. When the image is 
structureless (i.e. of spatially uniform intensity) its 
velocity is totally undefined, because the image remains 
unchanged for any motion. Both the GG and the II 
schemes break down when confronted with an aperture 
problem or a structureless image. When there is an 

aperture problem the two equations used to solve for Vx 

and Vy are no longer independent, rendering the system 
matrix singular. When the image is structureless, all of 
the coefficients in the equations are zero, again rendering 
the matrix singular. 

In theory, an aperture problem can be sensed by detecting 
the singularity in the matrix and solving one of the 
equations to obtain the component of velocity 
perpendicular to the stripe (e.g. [1]). In the case of a 
structureless image, the situation can be identified by 
detecting the disappearance of all of the equations' 
coefficients [7]. However, if there is noise in the image 
acquisition process -- as is inevitable in practice --
structureless images and the aperture problem are not 
detected readily because the matrices are no longer 
singular, and the coefficients of the equations are no 
longer zero. It is important to examine the performance of 
the GG and II schemes under these conditions, because 
large errors can occur without warning. 

The performances of the two schemes when viewing a 
structureless image are compared in Fig. 5. Noise of 
amplitude (-0.1,0.1) is added to the two input frames. The 
results are displayed in the form of scattergrams, depicting 
the output velocity vectors computed in 200 trials. The 
GG scheme produces a broad scatter of vectors that are 
very inconsistent. The condition of the system matrix (its 
invertibility) is measured by means of its condition 
parameter C, which is the absolute ratio of the largest to 
the smallest eigen value. The larger this parameter is 
compared to unity, the more poorly conditioned the 
matrix. In this example, the matrix is well conditioned in 
most of the trials: values of C are no greater than 20.0 in 
90% of the trials, with a minimum of 1.2, a maximum of 
1843, and a mean of 19.9. Despite this, the majority of the 
200 vectors fall outside the limits of the graph and are 
thus not displayed. The II scheme, on the other hand, 
produces vectors that are consistent and relatively tightly 
clustered around zero velocity. The system matrix is well 
conditioned (minimum C: 1.0; maximum C: 1.8; mean C: 
1.2) All of the 200 vectors fall well within the limits of 
the graph. 

The performances of the two schemes when viewing a 
moving, one-dimensional sinusoidal grating are compared 
in Fig. 6. The grating, of period 25.1 pixels, is oriented 
vertically and moves 1 pixel horizontally to the right, and 
one pixel vertically upwards. Noise of amplitude ( -0.1,0.1) 
is added to the two input frames. The results are displayed 
in the form of scattergrams depicting the output velocity 
vectors computed in 200 trials. The GG scheme produces 
vectors wbose x-component is equal to the component of 
motion perpendicular to the grating. The y-component, 
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Figure 5. Outputs of GG scheme (a) and 11 scheme (b) to 
displacement of a structureless field by 1.0 pixels along x, 
and 2.0 pixels along y, in the presence of image noise of 
amplitude 0.1 units. Results of 200 trials are shown in 
each case. The ( +) symbol represents the origin, the circle 
depicts the actual displacement vector, and each asterisk 
represents the vector computed in a trial. 

however, displays a very broad scatter of values that are 
grossly inconsistent. Since we are not supposed to know 
the orientation of the grating a priori (or that the image is 
one dimensional, for that matter), the results give no 
useful information on the motion of the image. The 
computed vectors fall along the velocity constraint line 
that is defined by the moving grating. The system matrix 
is poorly conditioned (minimum C: 140.1; maximum C: 
184000; mean C: 2595). Many of the 200 vectors fall 
outside the limits of the graph and are thus not displayed. 

The II scheme produces a set of vectors that are clustered 
around a velocity whose x-component corresponds to the 
velocity perpedicular to the grating, and whose y-
component is close to zero. In other words, the II scheme 
yields results that give an accurate measure of the 
component of motion perpendicular to the grating. The 
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Figure 6. Outputs of GG scheme (a) and 11 scheme (b) to 
displacement of a vertically oriented sinusoidal grating 
of amplitude 1.0 units by 1.0 pixels along x, and 2.0 pixels 
along y, in the presence of image noise of amplitude 0.1 
units (10 %of signal amplitude). Results of 200 trials are 
shown in each case. Symbols as in Fig. 5. 

system matrix is comparatively well conditioned 
(minimum C: 19.3; maximum C: 39.6; mean C: 24.8). 
All of the 200 vectors fall well within the limits of the 
graph. 

Summarizing the results of this section, the GG scheme 
produces very inconsistent results when it encounters an 
image that presents a blank field or an aperture problem. 
The II scheme, on the other hand, yields velocity values 
that are close to zero when viewing a structureless field. 
and values that represent the perpendicular component of 
velocity_ when viewing a moving one-dimensional grating. 
Neither of these latter values is necessarily correct, 
because of the unavoidable indeterminacies in these 
situations. However, the GG scheme fails catastrophically, 
producing wildly erratic vectors, a property that has been 
noted earlier (e.g [8]). On the other hand, the II scheme 
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fails "gracefully", yielding results that can be used in 
subsequent processing, such as motion-based scene 
segmentation. 

3.4 Performance with real image sequences 

The GG and II schemes were tested on a real image 
sequence generated by moving a video camera towards a 
flat. textured surface whose plane was approximately 
orthogonal to the camera's optical axis. This motion 
generates an expansional flow, with local velocity vectors 
directed outward from the centre of expansion, and whose 
magnitudes increase with distance from the centre. Two 
successive frames of the sequence, each 256 x 256 pixels x 
256 intensity levels, were analysed. The frrst frame is 
shown in Fig. 7a. Intensity contour plots of the two 
frames, shown superimposed in Fig. 7b, reveal the 
expansional nature of the flow and the location of the 
centre of expansion. To prevent possible aliasing due to 
high-spatial-frequency components in the image, the two 
frames were spatially prefiltered by a low-pass fllter with a 
circularly symmetrical gaussian weighting function with a 
half-width of 15 pixels. With the GG scheme, the g filter 
had an elliptical gaussian weighting function with half-
wi<;lths of 13.3 and 26.7 pixels in the x and y directions, 
reSpectively. The h filter had a weighting function that 
was a 90 deg rotated version of that of the g filter. With 
the II scheme, the '¥ function was a gaussian with a half-
width of 20 pixels. Thus, both the GG and the 11 schemes 
used spatial weighting functions that covered the same 
area. With the 11 scheme, the reference images / 1, h, f3 
and / 4 were obtained by shifting fo by 5 pixels in the 
appropriate directions. Local image velocities were 
calculated by using the GG and 11 schemes at each of 121 
different locations, spaced 16 pixels apart on a square 
grid. This was done by centering the g and h filters (for 
the GG scheme) or the '¥ function (for the 11 scheme) at 
each of the grid locations, in turn. The velocity vectors 
computed by the GG scheme and the 11 scheme are shown 
in Fig. 9. No smoothing has been applied to the results, in 
either case. The vector at each grid point is depicted by an 
oriented line whose length is scaled such that a length 
corresponding to the distance between neighbouring grid 
points represents a displacement of 5 pixels. Grid 
locations where the matrix is ill-conditioned (C > 20.0) 
are indicated by a circle. 

The GG scheme (Fig. 8a) produces results that are very 
erratic. There are a number of locations where the system 
matrix is ill-conditioned. Furthermore, there are several 
locations where the vectors are visibly incorrect. even if 
the matrix is well conditioned. The 11 scheme (Fig. 8b), on 
the other hand, produces results that are visibly more 

a 

b 

Figure 7. (a) One frame of a real (video) image sequence. 
(b) Intensity contour plots of two successive frames, 
superimposed to illustrate the expansional nature of the 
flow field. 

accurate and consistent. At no location is the system 
matrix ill-conditioned. Furthermore, the pattern of flow 
vectors is very consistent with the location of the centre of 
expansion, as revealed by visual inspection of Fig. 7b. 

4 Comparison of computational complexity 

The computational requirements of the two schemes can 
be compared in terms of the number of floating point 
operations (flops) required to compute the vector 
representing motion within a single patch. This 
calculation, described in the Appendix, shows that the two 
schemes are not very different in this respect: the 11 
scheme is 43% more intensive, computationally, than the 
GGscheme. 
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Figure 8. Outputs of GG scheme (a) and IT scheme (b) 
applied to the image sequence of Fig. 7. 

5 Conclusions 

Both the GG scheme and the IT scheme perform accurately 
when the velocity of ·the image is small. and the 
signal/noise ratio of the image is good. As image noise 
increases. the output of the GG scheme becomes more 
variable than that of the 11 scheme. However. the GG 
scheme continues to produce unbiased estimates of image 
speed. whereas the 11 scheme produces estimates of speed 
that are systematically and progressively lower than the 
actual values. When encountering an aperture problem or 
a structureless image. the 11 scheme performs bettec than 
the GG scheme. The 11 scheme requires marginally more 
computation than the GG scheme. However. the extra 
effort seems worthwhile: when dealing with real image 
sequences. the 11 scheme yields a greater percentage of 
accurate and useable results because it is less susceptible 
to image noise. to the aperture problem. and to blank 
fields. The superior robusbless of the IT scheme appears to 
be due to the error-minimizing structure that is inherent to 
the underlying algorithm. 

6 Appendix 

Here we give a theoretical comparison of the robustness 
of the GG and 11 schemes to noise. We also analyse 
theoretically the performances of the two schemes when 
they are confronted with an aperture problem. or with an 
unstructured image. To do this. it is convenient to portray 
the two schemes in the following common framework. 
Both schemes compute Vxand Vy by solving a pair of 
simultaneous equations of the form 

a.Vx+h.Vy=P 

and 
c.Vx+d.Vy =q 

to obtain 

_,_pd_-_,q~b Vx=-ad-bc 
and 

V: = qa-:-pc 
y ad-be 

(Al) 

(A2) 

(A3) 

(A4) 

In the case of the GG scheme. the value of a (from 
equation 1) can be rewritten as 
a= JJ gx.f = JJ g.fx = JJ g.(lz- ft) 
where fz -Ji represents the x-partial spatial derivative of 

the image. obtained from two versions fz and Ji of the 
image displaced slightly along the x-axis relative to each 
other. Similarly. the value of p can be rewritten as 

p=-JJg.ft =-JJ(!- fo) 
where f and fo are images obtained at two successive 
time frames. b,c.d and q can similary be expressed as 

b = JJ g.(/4 -/3); c = 11 h.(lz -Ji); 
d = jjh.(/4- f3); q = Jf h.(/ -/o) 

(A5) 

where / 4 - f3 represents the x-partial spatial derivative of 

the image. obtained from two versions / 4 and f3 of the 
image. displaced slightly along the x-axis relative to each 
other. 

In the case of the IT scheme, we have (omitting for 

simplicity the terms !uref and f:.Yref ): 
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a= Jj'P.(fz- Ji )2; b = /J'P.(/4- fJ).(h- Ji ); 
c = b; d= JJ'P.(/4- IJ)2; 

p=2fJ'P.(f- /o).(h- ft); q = 2fl'P.(f- /o).(/4- IJ); 

6.1 Signal-to-noise ratio 

We compare the robustness of the two schemes by 
calculating the signal/noise ratios of individual 
coefficients for the two cases. 

Considering ftrSt the GG scheme, the mean square 
amplitude s2 of the coefflcient b due to the signal is 

S2 = [JJ g(f4 - fJ) f, which can be rewritten as 

S2 ~ 2 (£ f )2 where ~g2 =JJg2. =vg • J4- 3 ' v Thus, 

S2 = a,Z .(fl + /42 -2.1J.f4). Setting [32 = [42 =a/. 

and fJ . /4 = a. a/, where a is the normalised spatial 

autocorrelation coefficient of the 2-d intensity function f 

al9Dg y (0 <a< 1), we obtain S2 = 2.CJ / .CJ /<1-a). 
Thus, the rms amplitude of b due to the signal is 

S = .fi. a 8 • a rlt- a . Assuming that the signals h and 

[ 4 are corrupted by additive noise n3 and n4 respectively 
(where each is a spatial array of noise), we can calculate 
similarly the rms amplitude N of the coefficient b due to 

the noise as N=.fi.a8 .an. where an2 =nl =n4
2 and 

where we have assumed that the noises are uncorrelated 

(n3 .n4 = 0). Therefore, the signal/noise ratio of 

coefficient b may be written .§_ = 01 . .J1- a . 
N an 

Considering next the II scheme, the mean square 
amplitude of the coefflcient b due to the signal can be 
calculated similarly as 

S2 = a.,2 .(/4- IJ)2 .(/2-ft)2 = a.,2 .(/4- IJ)2 .(fz- ft)2 

where the last step is valid if we make the reasonable 
assumption that the spatial gradient of the intensity along 
y is uncorrelated with that along x, and where 

a.i = Jf'¥2 . The above expression can then be further 
simplified to 

S2 =4.a.l.a/(1-a)2 

where a/ =Ji? =tl =tl =/42 

the normalised spatial 

autocorrelation coefficient of the 2-d intensity function 
f along x or y. Thus, therms amplitude of b due to the 

signal is S = 2. a 'I'. a/ (1- a). Similarly, by assuming 

that the signals / 1• fz, fJ and / 4 are corrupted by noises 
n1 , n2 , n3 and n4 respectively, it can be shown that the 

rms amplitude of due to the noise is N = 2. a 'I' . an 2 

where an2 =n1
2 =nl =n3

2 =n4
2 and where we have 

made the reasonable assumption that (n4 - n3 ) is 
uncorrelated with ( nz - n1 ) • Thus, with the II scheme, the 
signal/noise ratio of coefficient b is 

s a/ -=-y.(l-a). 
N On 

We note that the signal/noise ratio of each coefficient in 
the II scheme is the square of that in the GG scheme. 
Thus, the n scheme should be more robust to noise than 

the GG scheme when °1 . .J1- a > 1 , ie. when the 
an 

signal/noise ratios of the coefficients of the GG scheme 
are greater than one. In other words, the II scheme is 
superior to the GG scheme under realistic noise 
conditions. 

6.2 Aperture Problem 

We consider first the performance of the two schemes 
when the image is a vertically oriented sinusoidal grating 
moving rightwards. We assume that fo,fl,fz,f3,f4 and 
f are corrupted by additive noises no.n1,n2 ,n3,n4 and 
n, respectively (where each is a spatial array of noise). In 
this situation, [4 - ! 3 = 0 and fz - fi is large compared to 
the noise. 

With the GG scheme, the terms a, c, p and q will be 

large, while b and d will be small and determined 
entirely by the noise. Under these conditions we therefore 

have V. = p = !1. = JJ g.(f- fo) 
x a c Jfg.(fz- fl) 

(A6) 

Since (f- fo) is the local temporal derivative of intensity 

and (fz - ft) is the local spatial derivative of intensity 
along the x axis, it follows that the GG scheme will 
compute a value of Vx that corresponds to the component 
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of velocity perpendicular to the grating. The values of Vy, 
however, will be wildly erratic and determined primarily 
by the noise. The reason is that in the Vx, Vy plane the 
constraint lines defined by equations (1) and (2) will each 

be approximately parallel to the Vy axis and lie at a 

distance of about Vx from it. 

With the 11 scheme, the results are predicted most easily 

by calculating the values of Vx and Vy that minimize the 
errorE in the interpolation (equation 4). Adding the noise 
terms to the corresponding signal terms, and noting that 
in this case / 4 - f3 =0, E may be 
rewritten 

Thus, we need to minimize 

Assuming that the signal is uncorrelated to the noise, 
minimization by calculus gives 

2.Axret·iJ'P(f- fo).(fz- ft) 
Vx = [ 2 2 2] Jj'P (fz- ft) +n1 +~ 
and 

Vy =0 

Thus the 11 scheme yields, on average, an x-velocity 
which is close to the component of motion perpendicular 
to the grating (but smaller by an amount which depends 
upon the noise amplitude), and ay-velocity close to zero. 

Next, we consider the performance of the two schemes 
when the image is structureless, and contains only noise. 
In this case I = fo = ft = fz = 13 = /4 = 0 · 

With the GG scheme, the coefficients a,b,c,d,p and q 
are determined purely by the noise, so that the results 

computed for Vx and Vy will be completely erratic and 
unpredictable. With the 11 scheme, minimizing E as above 

leads to ·vx = 0, and Vy = 0. Thus, the 11 scheme tends to 

produce small magnitudes of velocity when the image is 
structureless. 

6.3 Computational complexity 

Each scheme requires the calculation of 6 coefficients 
a,b,c,d,p and q, followed by the inversion of a 2x2 
matrix to obtain the velocity vector. The latter is a 
nonintensive calculation and is the same for both schemes. 
Tbe compuational bottleneck in both schemes lies in the 
calculation of the coefficients. 

The flops required to compute the coefficients for each 
scheme can be calculated as follows. In the GG scheme, 
a, b,c and d involve pointwise multiplication of a spatial 
2-d intensity function by a 2-d filter weighting function 
and summation of the products over the patch. Thus, 
computation of a,b,c and d involves 2n2 flops each, or a 
total of 8n2 flops. Similar computations are involved in 
the case of p and q , except that these coefficients 
require as a first step the computation of the temporal 
derivative of the 2-d spatial intensity function. The 
temporal derivative operation is a pixelwise subtraction of 
successive frames, involving an additional n2 flops per 
coefficient This means that computation of the 
coefficients p and q requires 3n2 flops each. The GG 

scheme thus requires a total of 14n2 flops for calculation 
of the 6 coefficients. 

In the II scheme, calculation of the 6 coefficients first 
requires computation of the differences of 2-d spatial 
intensity functions: ft - fz, 13 - ! 4 and f- fo (see 

equations 5 and 6). This involves n2 flops each, or a total 
of 3n2 flops. The computation of coefficients a,b,c,d,p 

and q then each require a further 3n2 flops, making a 

total of 21n2 flops. However, since the system matrix is 
symmetric in this case (b = c, see equation AS), the total 
reduces to 20n2 flops. 

Thus, the II scheme is 43% more intensive, 
computationally, than the GG scheme. This simple 
calculation does not take into account economies that can 
be achieved (through the use of, say, FFf routines or 
recursive digital flltering) when computing velocities in a 
number of patches. 
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Abstract 

This paper develops a coarse-grained parallel genetic algorithm. Methods for the reduction of communication overhead 
and memory contention are established and incorporated in the parallel genetic algorithm. A method for the elimination 
of the problem of premature convergence is also developed . The algorithm is implemented on an i860 processor in a 
simulated environment. To validate and to demonstrate the performance of the new algorithm, it is applied to solve the 
economic power dispatch problem in power engineering. The dispatch solutions are presented and are compared to 
those found by a sequential genetic algorithm and by three previously reported parallel genetic algorithms. 

1 Introduction 

Genetic Algorithm (GA) [1, 2] is an adaptive algorithm 
for finding the global optimum solution for an 
optimisation problem In GA, the search for the optimum 
solution is based on the mechanics of natural genetics and 
natural selection. It has been applied to many areas in 
engineering including image processing [3,4], VLSI 
design [5-7), robotics systems [8], transportation [9,10], 
and power systems [11-16]. 

However, the execution of the sequential forms of GA 
requires large computing time [9, 17, 18]. To improve the 
applicability of GA to problems, which must be solved in 
a fast manner, efficient methods need to be developed for 
reducing the computational requirement of GA. One of 
the promising ways to achieve a large improvement in the 
speed of GA is to develop the algorithms to exploit 
parallelism. 

With the availability of powerful and high-speed numeric 
processors such as i860's which can work with PC-486 
computers and with the availability of the software 
systems which can operate on these parallel processors in 
the near future, it can be envisaged that parallel GA 
(PGA) can be developed based on these processors. 

In general, when designing PGAs, the following aspectS 
are taken into consideration: (a) the preservation of the 
basic requirements in sequential GA, (b) the hardware 
architecture of the processors, (c) the configurations of the 

processors and (d) the software environment of the 
processors. Items (b)-(d) are particularly relevant to the 
type of parallel processors employed for the development 
and implementation ofPGAs. 

Although some PGAs [6, 19, 20] have been designed and 
reported, not all the factors mentioned above have been 
considered, especially for factor (a) above. Owing to this, 
some earlier PGAs have a higher probability of premature 
convergence than the sequential form ofGA [19]. 

This paper reports work on the development of a coarse-
grained [21] PGA and its application to the economic 
dispatch problem in power engineering. The sequential 
form of GA is reviewed first. The design of PGA by 
Cohoon [6], by Tanese [19] and by Pettey [20] are then 
outlined and discussed. Following this, a new general 
PGA designed with the considerations of items (a)-(d) 
above is developed. Measures for preventing premature 
convergence are designed and incorporated into the 
proposed PGA. The PGA developed is implemented in a 
simulated parallel environment on an i860 processor. Its 
performance is demonstrated by applying it to solve the 
economic dispatch problem of a test system For 
comparison purposes, test results obtained from a 
sequential GA [13] and earlier parallel PGAs [6, 19, 20] 
are presented. 

2 Genetic Algorithms 

GAs are adaptive algorithms for finding the global 
optimum solution for an optimisation problem. They are 
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search algorithms in which the search is conducted using 
information of a population of candidate solutions so that 
the chance of the search being trapped in a local optimum 
solution can be significantly reduced. There are four 
important components of GA. which require careful 
design. before it can be applied to an optimisation 
problem. The design of the components are outlined 
below. 

(a) Representing the candidate solutions 

In the context of GA. a candidate solution is referred to as 
a chromosome and is represented by a string of finite 
length. The value of an element in the string is commonly 
represented by a binary bit string [1, 2, 11, 14]. However, 
other methods of representation including the floating-
point coding method [22], which the authors have adopted 
in some of their work [12,13], are possible. 

(b) Crossover operator 

The function of the crossover operator is to generate new 
or child chromosomes from two parent chromosomes by 
combining the information extracted from the parents. A 
typical method of crossover is the single-point crossover 
[1, 2]. By this method, for a chromosome of length I, a 
random number m between 1 and I is first generated. Two 
child chromosome are formed by swapping the last 1-m 
elements of the two parent chromosomes with one other. 

The probability of crossover is set arbitrarily and is 
typically 0.6 [23]. When a random number generated 
between 0 and 1 is less than the preset value of the 
probability of crossover, crossover will be applied to two 
parent chromosomes. 

(c) Mutation operator 

Mutation is a means to introduce new information at a 
particular position in the string of a chromosome. By 
mutation, a chromosome is changed. A usual way to 
mutate is to generate a random number m between 1 and I 
and then make a random change in the mth element of the 
string. The probability of mutation is also set arbitrarily 
and is typically 0.001 [23]. Similar to crossover, when a 
random number generated between 0 and 1 is less than 
the preset value of the probability of mutation, a 
chromosome will be mutated. 

(d) Evaluation function 

The evaluation function evaluates the 'fitness' of a 
chromosome as a solution to the optimisation problem. It 
is also referred to as the fitness function and is maximised 
during the search for the global optimum solution. 

The solution procedure of a GA is summarised below [12, 
13]. 

Step 1. Generate randomly or specify an initial 
population of chromosomes. The . set of 
chromosomes is referred to as the current 
generation. The size of the population, s, is 
usually set to 100 [23]. 

Step 2. Evaluate the fitness measure of each chromosome 
by the fitness function. The process is terminated 
when the maximum allowable number of 
generations has been executed, or when a 
chromosome has achieved the desired fitness. 

Step 3. Generate the next generation of s chromosomes 
in the following way: 

Step 3.1 Calculate the fitness measure of each 
chromosome with respect to the entire population 
of the current generation. The calculated fitness 
measure is taken as the probability that the 
chromosome will be chosen as a parent for the 
production of the next generation 

Step 3.2 Select from the current generation in a stochastic 
manner two chromosomes as parents. 

Step 3.3 Using the two selected parents, produce two child 
chromosomes for the next generation by applying 
the crossover operator when the crossover 
probability, Prc, is greater than the value of a 
randomly generated number between 0 and 1. If 
Prc is smaller, the two parents are retained and 
are taken as the child chromosomes in the next 
generation. 

Repeat the selection step in step 3.2 and the 
present step until s child chromosomes are 
formed for the next generation. 

Step 3.4 With the specified mutation probability, Prm, 
apply mutation to each chromosome in the next 
generation when the value of a random number 
generated between 0 and 1 is less than Prm. 
Otherwise, the chromosome will remain intact. 

Step 4. The next generation formed in step 3 is now 
taken to be the current generation. New 
generations are generated by repeating the 
solution process starting from step 2. 

Fig. 1 shows a flowchart of the solution process in GA. In 
the figure, k is the generation counter; p is the counter for 
the number of chromosomes generated and rand [0,1) 
denotes a random number between 0 and 1. 
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Figure 1. Flowchart of GA 

3 Previous PGA 

Parallel algorithms can be broadly divided into two 
groups. Algorithms which are executed by parallel 
computers such as MIMD (Multiple Instructions Multiple 
Data) computers are fine-grained parallel algorithms [21] 
and those which are executed by computers with fast and 
powerful numerical processors are coarse-grained parallel 
algorithms [21]. Since the work in this paper concentrates 
on the development of a new coarse-grained PGA, earlier 
coarse-grained PGA parallel algorithms [6, 19-20] are 
first described briefly in the following sections. 

3.1 PGA by Cohoon 

In the PGA reported by Cohoon and his colleagues [6], 
the total number of generations is divided into a multiple 
of G generations. In the solution process, one epoch is 
said to have elapsed after G generations have been 
executed. The solution process terminates when the total 
number of generations is reached or total number of 
epochs has elapsed. 

~ 
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I gencralioaa 

Figure l. Cohoon's pga 

Suppose there are I processors available for processing. 
Each processor executes the GA procedure described 
above in parallel with each other for one epoch. Each 
generation within one epoch has a subpopulation size of 
s/1 chromosomes, where s is the total population size 
when all the processors are considered. After one epoch 
has elapsed in any one processor, a subset of the 
subpopulation will be randomly selected, copied and 
transferred to the subpopulations of the other processors. 
The size of the subpopulation of the other processors is 
kept intact by probabilistically selecting and removing the 
excessive chromosomes. This process is shown in Fig.2. 
The processors begin a new epoch of processing with the 
new subpopulation. 

3.1.1 Disadvantages of Cohoon's PGA 

The performance of sequential and parallel GAs is 
dependent on the diverse information held in the 
chromosomes [24]. When the diversity is lost before the 
global optimum solution is found, the performance of the 
GAs will deteriorate and the solution processes wi.11 
converge prematurely. 

The disadvantage of the PGA by Cohoon is that the 
algorithm may not provide a high quality solution due to 
premature convergence. This convergence problem arises 
because each processor is dealing with a smaller 
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population size of sii as compared to the population size 
of I times in the sequential GA. Hence the diversity of the 
chromosomes in Cohoon's PGA is smaller than that in the 
sequential GA. Although the transference of the copies of 
subsets of the populations among processors can increase 
the diversity of chromosomes in Cohoon's PGA, the 
increment of diversity may not be sufficient for the 
prevention of premature convergence from happening 
since the transference only takes place after each epoch. 

3.2 PGA by Tanese 

The parallel genetic algorithm proposed by Tanese [19] is 
similar to that of Cohoon's. The differences between the 
two PGA designs are in the ways that chromosomes are 
chosen and processors are selected for transference after 
one epoch has elapsed. Furthermore. they are different in 
the way that excessive chromosomes in the subpopulation 
of a processor are removed. In Tanese's PGA, a 
neighbouring processor is selected for the transference of 
chromosomes, which are chosen because their values of 
fitness are higher than the average value. After the 
transference, weaker chromosomes with fitness below the 
average value are chosen to be discarded so that the 
subpopulation size is kept at s/I. 

3.2.1 Disadvantages of Tanese's PGA 

As Cohoon's PGA, the performance of Tanese's PGA also 
suffers from the problem of premature convergence. While 
small subpopulation size is a reason for premature 
convergence, the other reason is that the transference of 
copies of fitter chromosomes to a neighbouring processor 
results in the duplication of those chromosomes. 
Therefore the diversity of the chromosomes in the total 
population s is decreased. 

3.3 PGA by Pettey 

The PGA by Pettey [20] is similar to that of Cohoon's. 
However, at the end of the execution of one generation, 
instead of at the end of one epoch, each processor 
transfers a copy of the fittest chromosome in its 
subpopulation to other processors and receives copies of 
fittest chromosomes from other processors. The fittest 
chromosome received by a processor will replace the least 
fit chromosome 

3.3.1 Disadvantages of Pettey's PGA 

Pettey's PGA also suffers from premature convergence. In 
the present case, only the fittest chromosome is copied and 
transferred. Moreover, the transference, which occurs at 
each completion of the execution of a generation, leads to 

4 Proposed PGA 

In the sequential GA, a chromosome is selected for the 
crossover operation based on its fitness over the entire 
population. In the earlier PGAs outlined in Section (3), a 
chromosome is selected based on its fitness in the local 
subpopulation of the processor. The subpopulation is of 
much smaller size than the whole population and this can 
lead to premature convergence as discussed in the last 
section. 
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Figure 3. New pga 

To overcome the premature convergence problem, a new 
PGA is designed. In the new design, the total population 
size s is assigned to each processor instead of sll. The 
proposed PGA is described below. 

1. At the initialisation process, s chromosomes are 
initialised independently in each processor while 
all processors are processing in parallel. 

2. In the production of a generation of 
chromosomes, each processor disjointedly and in 
parallel, executes a GA on its own population. 
However, instead of producing s chromosomes, 
as in the sequential GA, each processor produces 
only s/l chromosomes. This is shown in Fig.3. 

more duplication of the fittest chromosome in the total 3. At the end of each generation, each processor 
passes its new generation, which consists of s/1 
chromosomes, to other processors through the 
host 

population. It is therefore not surprising that the problem 
of premature convergence is more severe in the Pettey's 
PGA than in the those described in Sections (3.1)-(3.2). 
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4. Steps 2 and 3 are repeated until a chromosome in 
one of the processors has achieved the desired 
fitness and the solution process is terminated 
Alternatively, the process is terminated when the 
maximum allowable number of generations is 
reached. 

Apart from the elimination of prematUre convergence, the 
new PGA has other advantages. Since the processors are 
loaded evenly in the new PGA as in the cases of the 
earlier PGAs, they consume almost the same execution 
time for the execution of a generation and hence the effort 
to synchronise the processors at the completion of a 
generation is small. 

4.1 Improving the New PGA 

The passing of the s/1 new chromosomes from a processor 
to the host, then to other processors, in the new PGA will 
create communication overhead and memory contention 
problem. These problems can be greatly reduced by 
refining Step (3) in the new algorithm according to items 
(a) and (b) below. 

(a) Instead of passing the whole chromosomes and their 
fitness values, only a number of elements in the 
chromosomes sufficient for the other processors to 
rcxstablish the elements omitted and to re-calculate 
the fitness values are passed 

(b) In the late stage in a GA solution process, most 
chromosomes converge to some identical or similar 
forms. Therefore, in addition to the refinement 
described in item (a) above, when this stage is 
reached, only the number of and the form of 
identical chromosomes are passed. 

5 Application Example 

5.1 Economic Dispatch Problem 

The developed PGA is applied to solve the economic 
dispatch (ED) problem in power system engineering. In 
the ED problem, it is required to determine the loadings of 
the generators in a system to meet the specified load 
demand such that the fuel-cost for power production is the 
cheapest. 

Let the number of online thermal generators in a power 
system be m and the total load demand be D. The input-
output characteristic of generator i is represented by a 
polynomial function fi. Then the total fuel cost, FT, is 
given by 

m 
FT = I: fi (Pi) 

i= 1 
(1) 

where fi (Pi) is the operation fuel cost of generator i when 
the power output of i is Pi and 

m 
I: pi = D 
i= I 

(2) 

For ED, FT in equation (1) is to be minimised subject to 
the power balance constraint in equation (2) and the 
inequality constraint 

for i = 1,2, ... ,m (3) 

where Pi min and Pi max are the minimum and maximum 
operation capacity of generator i. 

5.2 Example 

The developed PGA is applied to find the economic 
loadings of three generators in a six-busbar test system 
[25] when the system load demand is 850 MW. Owing to 
the randomness in the PGA, it is executed 30 times for the 
application study. 

The input -output characteristics of the generator units are 
highly non-linear and are represented by a combination of 
a quadratic function and a sine function [11]. The sine 
function represents the part of the characteristic due to the 
effects of tmbine valve-point loading [26]. Table 1 
summarises the operation limits of the generators and the 
coefficients of the input-output functions of the 
generators. 

For the execution of the developed PGA on four i860 
processors in a simulated environment, the total 
population size and the number of generation are both set 
to 100, with Prc and Prm set to 0.6 and 0.001 respectively. 

The best dispatch solutions found by the developed PGA 
and the previously proposed PGAs [6, 19, 20] in Section 
(3) are summarised in Table 2. For comparison purposes, 
the best dispatch solutions obtained using the sequential 
GA (13] previously developed by the authors are also 
tabulated. The worst dispatch solutions found by all the 
algorithms are summarised in Table 3. 

The results in Table 2 shows that Pettey's PGA, produces 
the most expansive dispatch solution and all the other 
algorithms provide cheaper solutions which are almost 
identical. From the worst dispatch solutions in Table 3, it 
can be observed that the new PGA is the most reliable 
amongst the parallel algorithms considered. 

It is also interesting to observe that the worst dispatch 
solution found by the new PGA is slightly better than that 
obtained by the sequential GA It is due to the fact that in 
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the developed PGA, each processor is initialised with a 
population of s chromosomes. At the initialisation stage, 
therefore, the initial population of chromosomes is 
effectively si when all the I processors are considered. As 
the initial population in the sequential GA is s, the new 
PGA is effectively started with a larger population than 
the former. 

Table 1: Generator limits and coefficients of input-<1utput 
functions 

F(P) =a+ b * P + c * p2 +le sin( f (Pmin -P))I 

gen Pmin PmliY a b c e f 
(MW) (MW) 

1 100 600 0.001562 7.92 561 300 0.0315 
2 100 400 0.00194 7.85 310 200 0.042 
3 50 200 0.00482 7.97 78 150 0.063 

Table 2: Comparison of economic dispatch solutions 

Algorithms 

sequential GA 
Cohoon's PGA 
Pettey's PGA 
Tanese's PGA 
new PGA 

300.15 
300.3 
400 
300.15 
300.25 

399.95 
399.7 
399.7 
400 
400 

149.9 
150 
50.3 
149.85 
149.75 

cost 

8234.19 
8234.37 
8242.19 
8234.14 
8234.08 

Table 3: Comparison of worst solutions 

Algorithms 
sequential GA 
Cohoon's PGA 
Pettey's PGA 
Tanese's PGA 
new PGA 

worst cost 
8256.70 
8319.45 
8434.89 
8268.09 
8249.23 

Table 4: Execution times 

Algorithms 

sequential GA 
Cohoon's PGA 
Pettey's PGA 
Tanese's PGA 
new PGA 

shortest longest 
exec time exec time 
(sec) (sec) 
63 .98 66.42 
20.51 21.12 
17.71 18.18 
17.00 17.61 
18.82 22.22 

average 
exectime 
(sec) 
64.70 
21.12 
17.83 
17.18 
20.71 

The execution times in 30 executions of all the algorithms 
are summarised in Table 4. The average cpu time of the 
sequential GA are 3.12 times that of the new PGA While 
the ideal gain in speed is 4 as 4 processors are employed 
in this application study, an almost linear speedup is 
achievable by the developed PGA The computational 

speed of the new PGA is also comparable to the earlier 
PG As. 

6 Conclusion 

A coarse-grained PGA has been developed. A method has 
been developed to prevent the problem of premature 
convergence and it has been incorporated in the new 
PGA Methods for reducing the communication overhead 
and the memory contention problem have also been 
developed for and included in the new PGA 

The performance of the developed PGA has been 
demonstrated through its application to solve for the 
optimum economic dispatch loadings of the generators in 
a power system. The results have confirmed that the 
present PGA can produce high quality solution and is 
more reliable than the PGAs by Cohoon [6], by Tanese 
[19], and by Pettey [20]. 

The application study has also shown that the new PGA is 
much faster than the sequential GA [13] and a near linear 
reduction in speed is possible. The ideal gain in speed is 
not achieved owing to the times required by (a) the 
communication between the host and the processors, (b) 
process creation and termination in the i860s and (c) the 
synchronisation of the processors. 
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Abstract 
This paper describes an attempt to predict the occurrence of metastases in _the axillary l y m p h  nodes of e a r l y  
breast cancer patients. Beacause there was only a limited amount of patient data avazlable, conventzonal 
statistical methods were not reliable. Instead, maximum entropy estimation was used to construct models 
based on various risk factors. We describe the rationale for and process of Maximum Entropy estimation, 
the way in which the models were constructed, and the results on a set of 176 patients. 
Keywords: maximum entropy estimation, breast cancer prognosis. 

1 Introduction 
The axillary lymph nodes are the principal sites of re-

gional metastases in early breast cancer patients. Such 
metastases are an important indicator of the future 
course of the disease, particularly with respect to sys-
temic metastases. 

At present, the only way to determine whether 
metastases are present in the lymph nodes is by exam-
ination of the nodes after they have been surgically re-
moved. This causes unnecessary numbness, pain, weak-
ness, swelling and stiffness in patients without such 
metastases [1]. 

If it were possible to determine the extent of metas-
tasizing in the lymph nodes on the basis of informa-
tion about the primary tumour alone, this would be of 
enormous benefit and reduce significantly the number 
of unnecessary surgical procedures performed on early 
breast cancer patients. 

This paper describes an attempt to develop models of 
axillary lymph node involvement based on data relat-
ing to the primary tumour alone. Standard statistical 
methods were oflimited value in this case, because data 
was available from only a small number of patients. It 
was therefore decided to use Maximum Entropy (Max-
Ent) estimation techniques to construct the model, as 
these make more efficient use of small amounts of data. 

The rationale of MaxEnt methods has been described 
by J aynes [2]. Maximising the entropy of a probabil-
ity distribution, subject to constraints, gives the dis-
tribution that satisfies the specified constraints, but 
no others, explicit or implicit. In this sense, it is 
the "most non-committal" distribution that satisfies the 
constraints. 

Another way of looking at the MaxEnt distribution 
is that it is the one satisfing the specified constraints 
which can be realised in the greatest number of ways, 
and therefore is the most likely to occur. Distributions 
that occur in nature are often MaxEnt distributions. 

1 

In the next section, we shall describe the process of 
MaxEnt estimation for multinomial models, and then 
go on to describe how this was applied to the problem 
of estimating lymph node involvement from primary 
tumour characteristics. We shall present some results 
obtained from a small data set. 

2 Maximum Entropy Estimation 
MaxEnt estimation enables us to construct a prob-

ability distribution that satisfies specified constraints 
but no other conditions (explicit or implicit) relating to 
the data from which it is constructed. This is achieved 
by constructing the distribution satisfying the specified 
constraints whose entropy is greater than that of any 
other distribution that satisfies the same constraints. 

Let {p1 , ... , PM} be a discrete probability distribu-
tio~ so that 0 :$ Plc :$ 1 for k = 1, . .. , M and 
:Z::::k:l = 1. Following Shannon, [3], the entropy of the 
distribution is defined to be 

M 

H(p1, ... ,PM)=- ~-~:>k log(p~c), (1) 
lc=l 

where Plc log(p~;) is taken to be zero if Pk is zero. 
It is well known that the uniform distribution Pk = 

1/M for all k is the distribution whose entropy is 
greater than any other distribution on a set of M el-
ements. This property of uniformity or smoothness is 
characteristic of all MaxEnt distributions. Imposing 
additional constraints on the distribution will change 
the shape of the resulting MaxEnt distribution, but it 
will remain more uniform (in some sense) than all other 
distributions that satisfy the same constraints. 

We are interested in the case where the constraints 
take the form of specfied values of the various moments 
of a multinomial distribution. Suppose we have N vari-
ables X 1 , ... , xN, and that the kth variable can take 
discrete values xlc = 0, 1, ... , n~:. We will use MaxEnt 
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estimation to construct a probability density function 
on the set of all possible combinations of values of the 
variables, 

S = {(0, ... ,0), . . . , (nt, ... , nN)}. (2) 

The probability of any outcome in S will be denoted 
by 

Px•, ... ,xN = P(X1 = x 1' ... 'xN = xN). (3) 
Since these probabilities make up a probability den-

sity function, they must satisfy the normalization con-
straint: 

n1 nN 

L · · · L Px1 , •. . ,xN = 1. (4) 
x 1=0 xN:O 

Any function of the variables,/, say, can be used to 
impose a constraint derived from its mean value,< f >, 
by the condition 

n1 nN 

L · · · L Px 1 , •• • ,xN f(xl, · · ·, xN) =,< f >. (5) 
x'=O xN=O 

Of course, there are many other possible types of 
constraints that could be imposed. The constraints de-
rived from mean values, however, usually have physical 
significance. In addition, there is a considerable body 
of theory that has been developed regarding the solu-
tion of the problem of constructing the Max:Ent distri-
bution that satisfies a collection of constraints derived 
from these mean values. 

The constraints that we used in Max:Ent estimation 
are derived from the observed means, variance and 
correlations. If we have M observations, Xt, ... , XM, 
where Xj = (xJ, ... , x.f), these observed values are 

and 

respectively. 

1 M 
< xlc >= - "" x~ MLJ J' 

j=l 

We also used certain third order moments, 

1n some cases. 

(6) 

(7) 

(8) 

It might be thought that using only means, variances 
and correlations in the construction of Max:Ent models 
will not produce good models, since there is a great 
deal of information in the sample that is not being used. 
However, much of the variation in small data sets is the 
result of noise, and the use of mean values of functions 
actually has a stabilising effect. In practice, the models 
turn out to fit the data reasonably well . 

3 The Partition Function 
Suppose we have C functions, ft, . .. , fc, that give 

rise to constraints of the form described. in the previ-
ous section. To maximize the entropy, we could intro-
duce Lagrange multipliers At, ... , Ac and apply stan-
dard constrained maximization techniques. We adopt 
an alternative approach, which invloves the introduc-
tion of the partition function, Z, which is a function of 
the Lagrange multipliers: 

c 
Z(At, .. . ,Ac) = L .. . L exp(- L Amfm(x)) 

(10) 
where x = (x1 , .. . , xN) . 

The use of the partition function is equivalent to the 
usual method of determining the values of the Lagrange 
multipliers. It is simpler than the usual method be-
cause it exploits special characteristics of the Max:Ent 
problem to reduce the problem to a standard form. De-
spite the simplification, the resulting equations are still 
non-linear and must be solved by iterative methods. 
The problem can be simplified further by noting that 
the equations are actually polynomial equations in the 
e->- ... . 

It can be shown that the usual Lagrange multiplier 
approach is equivalent to solving the following equa-
tions for the Am: 

8logZ 
- 8Am =< fm >, (11) 

m=1, ... ,c. 
This is a set of simultaneous non-linear equations for 

the Am, which can be reduced to a set of simultaneous 
polynomial equations in thee->.~. Once the Am are de-
termined, the Max:Ent probability distribution is given 
by 

Px _ exp(- E~-1 Am/m(x) (12) 
- Z(A1J ... ,Ac) ' 

where x = (x1 , ... , xN). 
We use this distribution to estimate probabilities of 

lymph node involvement in individual patients from in-
formation about the primary tumour. 

4 The Breast Cancer Data 
The breast cancer data was obtained from the De-

partment of Pathology at the Queen Elizabeth 11 Med-
ical Centre. It related to 247 patients diagnosed with 
primary breast cancer in Western Australia between 
1990 and 1992. Of these patients, only 176, who were 
treated by surgical excision of the lymph nodes, and for 
whom complete histological information was available, 
were included in the study. All these patients were di-
agnosed with primary infiltrating carcinoma and had 
complete axillary dissection. The extent of the axillary 
lymph node metastases in all 176 patients was known. 

Our primary interest was to ascertain whether lymph 
node status can be determined from an analysis of char-
acteristics of the primary tumour alone. The size of the 
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sample was too small for conventional statistical meth-
ods to be reliable, so we chose to investigate the use of 
MaxEnt estimation, believing that it would give better 
results in this situation. 

The characteristics of the primary tumour were de-
termined by examining haematoxylin and eosin stained 
sections of formalin fixed paraffin embedded material 
taken from the primary tumour. In addition, we also 
included the age of the patient in the set ofrisk factors. 

The clinical and histopathological features used in 
our analysis are: 

• age at the time of diagnosis; 

• mitotic count: the number of relative hyperchro-
matic nuclei in the primary tumour; 

• tubule: detection of tubule formation; 

• nuclear size: size of the nuclei in the tumour; 

• nuclear pleomorphism: a measure of the variability 
in the shape and size of the nuclei in the tumour; 

• tumour grade: a combination of mitotic count, 
tubule, nuclear size and nuclear pleomorphism; 

• tumour size: the gross size (in cm) of the primary 
tumour; 

• vascular invasion: presence of carcinoma within 
peritumoural vessels. 

A complete histological explanation of the features 
is given in [3]. Their significance is also discussed by 
Elston and Ellis [5] . 

The data was divided at random into a training set 
and a testing set. The training set consisted of 42 node-
negative (LN-) patients and 42 node-positive (LN+) 
patients, and was used to construct the probabilistic 
model and to determine the threshold values for as-
signing patients to risk groups. 

The testing set consisted of 50 LN- patients and 42 
LN+ patients. It was used to assess the sensitivity and 
specificity of the models. 

5 Construction of MaxEnt Models 
For the construction of the MaxEnt models, we had 

one outcome variable, which we called z 1 , denoting 
lymph node status. It took the value 0 in node-negative 
(LN-) cases and the value 1 in node-positive cases. 

The remaining variables were called z 2 , ••• , xN, 
where the value of N varied from model to model, de-
pending on the combination of tumour parameters that 
were included in the model. The constraints used in-
cluded the observed values of the means of the outcome 
and of the risk factors, and the observed values of the 
correlation between the risk factors and the outcome. 

We wished to estimate the probability of lymph node 
involvement given a set of values of the tumour param-
eters. The relevant conditional probability is 

( 
1 liA) P(l,x) 

P z = x = P(O, x) + P(l, :X)' (13) 

where :X = (z2 , ••. , x"'). 
We used the data in the training set to compute 

the observed means, variances, correlations and third 
order moments. We selected various combinations of 
the risk factors to form the models and computed the 
values of the Lagrange multipliers using the Newton-
Raphson method to solve the simultaneous polynomial 
equations. We then used equations 12 and 13 to com-
pute the required conditional probabilities. 

Having obtained the conditional probabilities, we 
used the data from the training set to determine a 
threshold for assigning patients to the low-risk (LN-) 
and high-risk (LN+) groups. We then then used these 
probabilities and thresholds to classify patients in the 
testing set and compared the classifications with the 
actual lymph node status. 

We assessed the models on the basis of their sen-
sitivity, defined as the proportion of a LN+ patients 
who were assigned to the high-risk group, and by their 
specificity, defined as the proprotion of LN- patients 
assigned to the low-risk group. 

6 Results from Univariate Models 

We constructed univariate models that combined the 
outcome variable with a single risk factor in order to 
assess the predictive value of individual risk factors. 
Identifying uninformative risk factors is important be-
cause it makes it possible to reduce the number of vari-
ables included in multivariate models. This reduces 
the computational cost of constructing the multivari-
ate models. Identifying informative risk factors is also 
of clinical significance. 

MaxEnt models with one risk factor can be used to 
identify informative factors that have the predicitive 
capability to assign patients to risk groups. This sort 
of analysis is useful in clinical trials with small sam-
ples to determine whether a new factor has significant 
prognostic value. 

To compare the relative informativeness of the differ-
ent risk factors , we computed the quotient of the nega-
tive of the relevant Lagrange multiplier by its standard 
deviation, a ratio we call p. Table I shows the value 
of p for the univariate models constructed from each of 
the risk factors. 

Table I shows that tumour size is the most informa-
tive risk factor, followed by vascular invasion, while age 
and tubule are the least informative. These results are 
in line with clinical expectations. 

Risk factor p 
age 0.046 

mitotic count 1.678 
tubule 0.496 

nuclear size 1.294 
nuclear pleomorphism 2.132 

tumour grade 1.425 
tumour size 6.257 

vascular invasion 5.301 

Table I. Comparison of univariate models 
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Another way of comparing the predicitive signifi-
cance of the risk factors is to compare the univariate 
model which includes constraints derived from both the 
mean of the risk factor and its correlation with the out-
come with the mode1 which includes only the constraint 
derived from the mean of the risk factor. This is done 
be constructing the two models, computing the likeli-
hood of the training data with respect to each model, 
and then applying the Chi-squared test with 1 degree 
of freedom to the difference between the likelihoods. 

Table II shows the results of applying this procedure 
to the univariate models. The p-value from the Chi-
squared test is shown in the second column ~f thi~ table. 
As with Table I, tumour size and vascular mvas10n are 
the most informative risk factors, while age and nuclear 
size are the least informative on this basis. 

Risk factor p-value 
age 0.8320 

mitotic count 0.2300 
tubule 0.1590 

nuclear size 0.7350 
nuclear pleomorphism 0.6900 

tumour grade 0.5060 
tumour size 0.0006 

vascular invasion 0.0930 

Table II. Comparison of univariate models 

7 Results from Multivariate Models 
We constructed multivariate models that included 

more than one risk factor in a step-wise fashion, adding 
risk factors to existing models and determining the sen-
sitivity and specificity of the resulting models. 

Two types of models were constructed. The first only 
included first- and second-order constraints. The sec-
ond type also included third-order constraints. 

We began with the univariate model with the most 
informative factor, tumour size, and added the next 
most informative, vascular invasion. Adding other risk 
factors did not improve the performance of the result-
ing models significantly, and this bivariate model was 
judged to be the best. . 

Table Ill compares the sensitivity and specific1ty of 
the univariate model with tumour size with the bivari-
ate model in which vascular invasion is added. Adding 
vascular invasion increases the sensitivity significantly, 
and makes a small improvement to the speci:ficity. 

Model Sensitivity Specificity 
Tumour size 0.595 0.780 

only 
Tumour size 

and 0.762 0.800 
vascular invasion 

Table Ill. Comparison of best models 

It would appear that the construction of bet ter mod-
els would require the use of more informative risk fac-
tors. 

8 Conclusion 
Maximum entropy estimation has been shown to be a 

useful method for making assessment of axillary lymph 
node status in early breast cancer patients, even when 
the models are constructed from very small data sam-
ples. 

Improving the performance of the models will require 
larger data sets and the inclusion of more informative 
risk factors. 

This work is part of a larger study which is investigat-
ing the use of a number of unconventional mathemati-
cal and statistical techniques for the prognosis of breast 
and other cancers. A comparison of various techniques, 
conventional and unconventional , including logistic re-
gression, MaxEnt estimation and artificial neural net-
works, is currently being carried out. 
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On the Cqmputational Role of the Simple Cells in Early Vision 
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April28, 1994 

The simple cells in feline and primate primary visual cortex are involved in the coding and early processing of 
spatio-temporal information acquired binocularly from the visual field. Each simple cell can be viewed as an 
approximately linear device characterised by its receptive field profile (RFP), a spatially reversed version of its 
spatiotemporal impulse response function. The Gabor function model of the simple cell RFP is evaluated, and 
the recent controversy concerning the relevance to early vision of its achievement of the lower bound on joint 
spatial and spectral spread dictated by the Weyl-Heisenberg Uncertainty Principle is illuminated. In an 
investigation of the multi-dimensional signal processing performed by the simple cells, image processing and 
coding schemes which might explain the observed variety of simple cell spatial RFPs are reviewed. These 
schemes are classified into the categories of filtering and decomposition, according to whether the RFP is used 
as the kernel of a spatial filter, or as an expansion function whose coefficient is to be calculated for the visual 
image. Artificial neural networks (ANNs) which find the least-squares solution to the set of linear equations 
posed by the image decomposition problem are critically reviewed, and a single-layered, linear recurrent ANN 
is proposed for this task. The linear neural activation function used by this network is then replaced by a more 
biologically plausible, piece-wise linear, saturating nonlinearity, and the resultant globally stable network is 
shown to effect the optimisation of more general (semi)definite quadratic forms subject to bound constraints 
on the optimisation variables. Although biologically plausible, these networks, when used as models of simple 
cell processing, are found to predict simple cell spatiotemporal RFPs whose spatial component differs in 
general from the chosen expansion functions. It is concluded that the simple cell spatial RFPs are not used as 
visual expansion functions, but rather as the kernels of (possibly position-dependent) spatial filters, as is 
suggested by their definition. 
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Doctor of Philosophy 
Bit-Mapping of Address Space by Hardware for General Purpose Microprocessor Systems. 
John Lilleyman 
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Digital signal and image processing microprocessor algorithms characteristically exhibit a nested instruction 
loop structure with a sequence of read-modify-write instructions in the innermost loop. Two factors which 
are increasingly defining an upper threshold on performance for RISC style CPUs with single cycle arithmetic 
instructions are the cost of the operand address calculations and memory latency. The bit-mapping of address 
space is introduced as a novel technique to significantly reduce operand address calculations. In this 
technique, address lines between processor and memory are cross-connected dynamically under processor 
control to simplify the processor's perception of the data ordering within a data structure. Computational 
savings are achieved by trading address calculations, possibly microcoded, for address translations in the 
hardware bit-mapper. Bit-mapped addressing for FFfs is predicted, and demonstrated using a prototype bit-
mapper unit, to offer significant savings in address computations, producing not only faster algorithms, but 
denser and more regular code. Appropriate system design, including a hardware bit-mapper, is shown to 
offer the potential for significantly reducing memory latency. Algorithms such as the large FFTs with normally 
low cache hit ratios are converted to high hit ratios through the bit-mapper's ability to coerce the cache into 
prefetching lines exhibiting low spatial coherence. 
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This thesis describes two rangefinders and their potential use in mobile robotics. The first device, called the 
Full Frame Rangefinder, is a time-of-flight system which can capture a range image in tow operations (a third 
operation is recommended for removing background effects). This device is a variation on a pulsed 
illuminator viewing system, it incorporates a light source that is pulse very rapidly and a gated image 
intensifier whose sensitivity is modulated at the same rate. The second device, called the Scanning 
Rangefinder, is a slower, more accurate system. It used triangulation with a scanning laser stripe and a CCD 
camera. A lookup table is used to produce range information in spherical coordinates. A range image can be 
obtained while moving, with a knows velocity, without affecting the relative positions of object ins the scene. 
In mobile robotics these devices can be as useful as obstacle detectors and mappers. 
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The thesis investigates sub-pixel feature detection and measurement to provide basis for precision 
measurement paradigms. The work concentrates on the fundamental principle of local energy based edge 
modelling and deformable curve reconstruction at sub-pixel accuracy. The robustness of the proposed 
paradigm is addressed by experimentally measuring subpixel displacements in precisely machined objects. 
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Seventh Australian Joint Conference on 
Artificial Intelligence (AI'94) 

Conference date: 21-25 November 1994 
Conference theme: "Sewing the seeds for the 

future" 
Venue: Armidale, NSW, Australia 
Deadlines: 

paper submission: 15 June 1994 
notification of acceptance: 31 July 1994 
camera ready copy: 22 August 1994 

Further information: 
AI'94 Secretary 
Department of Mathematics, Statistics and 
Computing Science 
The University of New England 
Armidale, NSW 2351 
Australia 
email: ai94@fermat.une.edu.au 

Second Australian and New Zealand 
Conference on Intelligent Information 
Systems (ANZIIS-94) 

Tutorial date: 29 November 1994 
Conference dateSO November-2 December 

1994 

Venue: Brisbane, QLD, Australia 
Deadlines: 

tutorial proposals: 
paper submission: 
notification of acceptance: 

Further information: 
ANZII5-94 Secretariat 

15 July 1994 
15 July 1994 
15 September 1994 

School of Computing Science 
Queensland University of Technology 
GPOBox2434 
Brisbane, Q 4001 
Australia 
tel: +61 7 864 2925 
fax: +61 7 8641801 
email: anziis94@qut.edu.au 

Fifth Australian International Conference 
on Speech Science and Technology 

(SST-94) 
Tutorial date: 5 December 1994 
Conference date: 6 - 8 December 1994 
Venue: Perth, WA, Australia 
Deadlines: 

paper submission: 8 July 1994 
(1 page summary) 
notification of acceptance: 12 August 1994 
camera ready copy: 7 October 1994 

Further information: 
Dr. Roberto Togneri, Secretary SST-94 
OIPS, Dept. of E&E Engineering 
The University of Western Australia 
Nedlands, W A 6009 
tel: +61 9 380 2535/3897 
fax: +61 9 380 1101 
email: sst94@ee.uwa.edu.au 

Australian Telecommunication Networks 
and Applications Conference 
(ATNAC'94) 

Conference date: 5 - 7 December 1994 . 
Venue: Melbourne, VIC, Australia 
Deadlines: 

paper submission: 7 June 1994 
notification of acceptance: 21 July 1994 
camera ready copy: 20 September 1994 

Further information: 
Margaret Keegel 
Conference Manager 
Office of Continuing Education 
Monash University 
PO Box 197 
Caulfield East 3145 
tel: +61 3 903 2808 
fax: +61 3 903 2805 
email: mkeegel@monu6.cc.monash.edu.au 
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Seiken/IEEE Sumposium on Emerging 
Technologies & Factory Automation 

(EFTA94) 

Conference date: 6- 10 November 1994 
Conference theme: "Novel Disciplines for Next 

Century'' 
Venue: Tokyo, Japan 
Deadlines: 

paper submission: 1 June 1994 
notification of acceptance: 1 August1994 
camera ready copy: 5 September 1994 

Further information: 
Richard Zurawski 
Laboratory for Robotics & Intelligent Systems 
Department of Elec & Comp Engineering 
Swinbume University of Technology 
PO Box 218 Melbourne VIC 3122 
Australia 
tel: +61 3 728 7161 
fax: +61 3 728 7183 
email: · rzz@stan.xx.swin.oz.au 

Computer Graphics International 94 
Conference date: 27 June- 1 July 1994 
Venue: Melbourne, VIC, Australia 
Further information: 

CGI 94 Secretariat 
Advanced Computer Graphics 
Royal Melbourne Institute of Technology 
GPO Box 2476V 
Melbourne VIC 3001 
Australia 

International Conference on Neural 
Information Processing (ICONIP "94) 

Conference date: 17-20 October 1994 
Venue: Seoul, Korea 
Deadlines: 

paper submission: 30 April1994 
notification of acceptance: 31 July 1994 

Further information: 
ICONIP'94 - Seoul Secretariat 
C/o Intercom Convention Service, Inc. 
SL. Kang Nam P.O. Box 641 
Seoul135-606 Korea 
tel: +82 2 515 1560/546-7065 
fax: +82 2 516 4807 
email: ICONIP@cair.kaist.ac.kr 

IEEE International Conference on Fuzzy 
Systems 

FUZZ-IEEEIIFES'95 
Conference date: 20-24 March 1995 
Venue: Yokohama, Japan 
Further information: 

Prof. Toshio Fukuda 
Nagoya University 
Dept. of Mechanical Engineering 
Furo-cho, Chikusa-ku, Nagoya 464-01, Japan 
tel: +8152 7815111 x4478 
fax: +81 52 781 9243 
email: d43131a@nucc.cc.nagoya-u.ac.jp 
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Second Australian and New Zealand Conference on Intelligent Information 
Systems (ANZIIS-94) 

There are four targetted areas: 

30 November- 2 December 1994 
Tutorials: 29 November 1994 

Brisbane, Queensland 

artificial intelligence 
fuzzy systems 
neural networks 
evolutionary computation 

Papers are requested from, but not limited to, the following areas: 
• adaptive systems • neurobiological systems 
• artificial life • control systems 
• autonomous vehicles • optimisation 
• data analysis • parallel & distributed computing 
• factory automation • robotics 
• financial markets • prediction 
• intelligent databases • sensorimotor systems 
• knowledge engineering • signal processing 
• machine vision • speech processing 
• pattern recognition • virtual reality 

For further information see the calendar entry in this issue, page 64. 

Fifth Australian International Conference on SPEECH SCIENCE and 
TECHNOLOGY SST-94 

6 - 8 December 1994 
Perth, Western Australia 

The SST-94 conference is organized wtih a multidisciplinary perspective to provide excellet opportunities for 
the exchange of ideas and facilitate the interaction between professionals from many diverse areas of expertise. 
General topics of interest are, but not limited to: 

• Speech Synthesis • Speech Coding and Encryption 
• Speech Recognition • Spoken Language Modelling 
• Text-to-Speech Synthesis • Speech Production 
• Acoustic Phonetics and Prosody • Speaker Characteristics 
• Speech Signal Analysis • Speaker Identification/Verification 
• Speech Databases • Speech Disorders 
• Voice Response Systems • Human-Machine Speech Interfaces 
• Human Audition, Perception and Cognition • Aids for the Speech/Hearing Impaired 
• Speech Processing using AI, ANN and • Speech technology Applications 

advanced techniques 
This ensures that SST-94 is a true refelction of the interdisciplinary nature of speech as an areas of scientific and 
industrial endeavour. A tutorial day will be held on Monday, December 5 as an introduction to the important 
concepts in speech science and technology research. Keynote addresses will be given by Prof. Bob Linggard 
from the University of East Anglia and Dr. Anne Cutler from the Max-Planck-Institute in the Netherlands. 

For further information see the calendar entry in this issue, page 64. 
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1995 IEEE INTERNATIONAL CONFERENCE 
ON NEURAL NETWORKS (ICNN'9S) 

IEEE 

General Chair 
Yianni Attikiouzel 
University of Western Australia 
Perth, Australia 

Technical Program Co-Chairs 
Marimuthu Palaniswami 
University of Melbourne 
Melbourne, Australia 

Toshio Fukuda 
Nagoya University 
Nagoya, Japan 

Robert J Marks Ill 
University of Washington 
Seattle, Washington, USA 

International Liai4ion Chair 
Shun-icbi Amari 
University of TOkyo 
Tokyo, Japan 

US Liaison 
Jim Bezdek 
University of West Florida 
Pensacola, USA 

European Liaison 
Peter Noakes 
University of Essex 
Colchester, UK 

Treasurer 
Svetha Venkatesh 
Curtin University of Technology 
Perth, Australia 

Local Arrangements 
Dorota Kieronska . 
Curtin. University of Technology, 
Perth, Australia 

Publicity Chair 
Chris deSilva · 
University of Western Australia 
Perth, Australia 

27 November • 1 December 1995 
Perth, Western Australia 

CALL FOR PAPERS 
The IEEE International Conrerence on Neural Networks will . be concerned 
with natural and artificial neural networks. Submissions of papers related to the 
topics listed below are invited. 

TOPICS 
Applications 
Architectures 
Artificially Intelligent Neural Networks 
Associative Memory 
Computational Intelligence 
Cognitive Science 
Filtering 
Fuzzy Neural Systems 
Hybrid Systems 
Image Processing 
Implementations 
Intelligent Control 
Learning and Memory 
Machine Vision 

SUBMISSION PROCEDURE 

Motion Analysis 
Neurobiology 
Neurocognition 
Neurodynamics 
Optimization 
Pattern Recognition 
Prediction 
Robotics 
Sensation and Perception 
Sensorimotor Systems 
Speech, Hearing and Language 
System Identification 
Supervised/Unsupervised Learning 
Time Series Analysis 

Prospective authors are invited to submit papers related to the listed topics for oral 
or poster presentation. Five (5) copies of the paper must be submitted for review. 
Papers should be printed on ISO A4 or USA85" x 11" white paper, written in 
English in one-column format in Times or similar foot style, 10 points or larger 
with 2.5cm (1 ") margins on all four sides. A length of four pages is encouraged, 
and a limit of six pages, including figures, tables and references will be enforced. 

Centered at the top of the first page should be the complete title and the name(s), 
affiliation(s) and address(es) of the author(s). The Paper Submission Cover Sheet 
on the back of this Call for Papers should be completed and attached to the 
submission. Papers should be sent to the address below. 

ADDRESS 
All correspondence regarding the conference should be addressed to: 

ICNN'9S Conference Management 
Centre for Intelligent Information Processing Systems 

The University or Western Australia 
Nedlands W A 6009 

AUSTRALIA 
Telephone: +61 9 380 1969 Fax: +61 9 380 1101 

Electronic mail: icnn9S@ee.uwa.edu.au 
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• 
1995 IEEE INTERNATIONAL CONFERENCE ON 

EVOLUTIONARY COMPUTING (ICEC'95) 
IEEE 

General Chair 
Yianni Attikiouzel 
University of Western Australia 
Perth, Australia 

Technical Chair 
David B. Fogel 
Natural Selection, Inc. 
La Jolla, USA 

Assistant Technical Chair 
Ab Cllung Tsoi 
University of Queensland 
St. Lucia, Australia 

International Uaison Chair 
Toshio Fulruda 
Nagoya University 
Nagoya, Japan 

European Liaison Co Chairs 
Marco Dorigo 
Universite' Libre de Bruxelles 
Brussels, Belgium 

Reinhard Maenner 
Universitaet Mannheim 
Mannheim, Germany 

Treasurer 
Svetha Venkatesh 
Curtin University of Technology 
Perth, Australia 

Local Arrangements 
Dorota Kieronska 
Curtin University of Technology 
Perth, Australia 

Publicity Chair 
Chris deSilva 
University of Western Australia 
Perth, Australia 

29 November- 1 December 1995 
Perth, Western Australia 

CALL FOR PAPERS 
The IEEE International Conference on Evolutionary Computing will be 
concerned with the theory and applications of genetic and evolutionary algorithms, 
and associated topics. It will be held concurrently with the last three days of 
ICNN'95. Submissions of papers related to the topics listed below are invited. 

TOPICS 
Theory of evolutionary computation 
Applications of evolutionary computation 
Efficiency/robustness comparisons with other direct search algorithms 
Parallel computer implementations 
Artificial life 
Evolutionary algorithms for computational intelligence 
Comparisons between different variants of evolutionary algorithms 
Machine learning applications 
Evolutionary computation for neural networks 
Fuzzy logic in evolutionary algorithms 

SUBMISSION PROCEDURE 
Prospective authors are invited to submit papers related to the listed topics for oral 
or poster presentation. Five (5) copies of the paper must be submitted for review. 
Papers should be printed on ISO A4 or USA 8.5" x 11" white paper, written in 
English in one-column format in Times or similar font style, 10 points or larger 
with 2.5cm (1 ") margins on all four sides. A length of four pages is encouraged, 
and a limit of six pages, including figures, tables and references will be enforced. 

Centered at the top of the first page should be the complete title and the name(s), 
affiliation(s) and address(es) of the author(s). The Paper Submission Cover Sheet 
on the back of this Call for Papers should be completed and attached to the 
submission. Papers should be sent to: 

ADDRESS 

Davld B. Fogel 
Natural Selection, Inc. 
1591 Calle De Clnco 
La Jolla, CA 92037 

USA 
All correspondence regarding the conference, other than submissions of papers, 
should be addressed to: 

ICEC'95 Conl"erence Management 
Centre for Intelligent Information Processing Systems 

The University of Western Australia 
Nedlands W A 6009 

AUSTRALIA 
Telephone: +61 9 380 1969 Fax: +61 9 380 1101 

Electronic mall: ec95@ee.uwa.edu.au 
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MASTER OF ENGINEERING 
by Coursework and Dissertation in 

Intelligent Information Processing Systems 

Department 
of 

Electrical 
and 

Electronic 
Engineering 

.-. .. 
(CJiPS-
0~--=-= ·.- --· • 
Centre for 
Intelligent 
Information 
Processing 
Systems 

Winthrop Hall and Tower UWA 

The University of Western Australia 
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What are 
Intelligent Information 

Processing Systems? 
Even the simplest computers far exceed 
the processing capacity of the human 
brain for executing arithmetic or logic 
operations. Yet, when confronted with 
a task such as speech recognition, or 
simple vision tasks, the conventional 
programmed computer is no match for 
the massively parallel computing archi
tecture of the human brain. Conven
tional computing techniques are par
ticularly adept at manipulating and 
processing data. Intelligent information 
processing systems, on the other hand, 
are structured to manipulate and proc
ess information and are often able to 
"learn" by self adaptation. 

Intelligent information processing sys
tems encompass a range of techniques 
for processing information in a manner 
that exhibits some degree of human-I ike 

Multi-dimensional pattern recognition 

Artificial Neural Networks 

performance. Computing paradigms 
which are based on cognitive and/or 
physiological models of the human 
brain are now emerging as the informa
tion processing technologies of the 21st 
century. 

The applications for these systems are 
widespread. Currently, intelligent sys
tems are being applied to real-world 
problems such as: speech recognition, 
computer vision, multi-dimensional 
pattern recognition, industrial process 
control, automated quality control, fi
nancial market forecasting and analy
sis, robotics, and a range of medical 
and biomedical problems. The advan
tages to be gained through the applica
tion of this technology are substantial 
and the demand for professional engi
neers with knowledge in the theory and 
application of intelligent information 
processing systems is already apparent 
and increasing. 

Course Details 
The Master of Engineering hy Cou rsework 
and Dissertation in Intelligent Informa
tion Processing Systems requires stu
dents to undertake a mixture of 
coursework and research over a period 
of 12 months full-time or 24 months 
part-time. The research component re
quires candidates to suhmit a suhstantial 
research dissertation . 
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This course is designed to provide an 
advanced coverage of the theory and 
application of intelligent information 
processing systems. Although the units 
will be taught at an advanced level, the 
course structure has been designed to 
offer a broadly based degree that will 
enable graduates to enter a wide range 
of fields in which this technology is 
being applied. On completing the Mas
ters course, graduates wi 11 have a sound 
foundation to undertake a PhD. 

.. ,_ 

• ~· ', . p 

. ,. 

•. jt::>~~·; 
. ;. ··::<?-~~::-,i~: .. 

30 Medical lmaging 

Students are required to accumulate a 
total of 24 points, from the following 
units: 

Core Units 

Adaf.Jtive signal J.Jrocessing 
Artificial neural networks 
Engineering mathematics 
DSP implementati o ns 
Statistical and syntactic 
J.Jattern recognition 

3 JJoints 
3 points 
3 (JOints 
3 (JOints 

3 points 

Options 

Sensors and instrumentation 
Biomedical engineering 
Image processing 
Speech analysis, synthesis 
and recognition 

3 points 
3 points 
3 points 

3 points 

Who Should Apply 

This course is intended for graduates 
with a good honours degree in engineer
ing or an appropriate science area. The 
course is aimed at: 

• professionals wishing to upgrade 
their knowledge in the area of intel
ligent information processing sys
tems; 

• graduates wishing to obtain a higher 
degree in intelligent information 
processing systems before entering 
the workforce or commencing a re
search career; 

• graduates from universities in Aus
tralia and overseas seeking post
graduate qualifications . 

Hardware implementation 
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Speech Processing 

Financial Assistance 

A limited number of Australian Post
graduate Course Awards may be avail
able. Two sources of funding are avail
able on a competitive basis for overseas 
students: Equity and Merit Scholarship 
Scheme and Overseas Postgraduate Re
search Scholarship Scheme. 

For more detailed information and a 
preliminary assessment of your eligibil
ity for entry, please write to the address 
below, and advise which course(s) you 
are interested in and the qualifications 
you have completed. 

Overseas Postgraduate Students Officer 
Overseas Students Office 

The University of Western Australia 
Nedlands, Perth, Western Australia, 6009 

Telephone: (61) (9) 380 2477 
Facsimile: (61) (9) 382 4071 

A tutorial session 

The Centre for Intelligent 
Information Processing 

Systems (CliPS) 

CliPS is a centre for advanced research 
in the Department of Electrical and 
Electronic Engineering at The Univer
sity of Western Australia. The Centre is 
a multi-disciplinary research centre .. 
which incorporates researchers from 
engineering, mathematics, science and 
medicine. Currently there are approxi
mately 40 members associated with the 
Centre, including academic staff, re
search staff and postgraduate students. 
lt has substantial computing facilities, 
based on a network of UN IX 
workstations and IBM PC personal com
puters to carry out both research and 
teaching programs. In addition, the 
Centre has facilities for hardware de
velopment, data acquisition and 
processing and a specialised library of 
books, conference proceedings and 
technical manuals. 

Academic and research staff associated 
with CliPS have published in excess of 
400 refereed journal and conference 
papers and have attracted substantial 
funding from both Government research 
grants and industrial contracts. Senior 
staff members from CliPS are often in
vited to present papers at international 
conferences and give a number of work
shops to industry each year . 

..... _ .. 
(CliPS~ 

0 ·.- --· • 

For further information please contact: 
Professor Yianni Attikiouzel 

Director, 
Centre for Intelligent Information 

Processing Systems, 
Department of Electrical and 

Electronic Engineering, 
The University of Western Australia 

Nedlands 6009 Perth Australia. 

Tel: +61 9 380 3134/3897 
Fax: +61 9 380 1101 

emai I: yiann i@swanee.ee.uwa .edu.au 
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Instructions to Authors 

~ At the time of acceptance, the authors will be requested to provide a technical biography 
~ and a photograph of each author of the paper (except for Shon Notes). The final, cam-
;:~ era-ready document should confonn to the presentation standard set out below. The first 
~ page should include the title in Helvetica, 18 point, bold, and authors' names and affilia-
~ tion in Tunes, 12 point, bold and italics (see sample page). 
- There will be no page charges for published papers. 
~ Manuscript preparation 
~ Submissions, in camera-ready fonn, should confonn to the following rules: 
~ I) laser-printer quality on one side of A4 paper with margins: left and right- 1.8 cm, top 
~ - 2.3 cm, bottom - 1.8 cm. 
~ 2) text should be in Times Roman, 10 point font, in two column layout with 0.63 cm gap 
]' 3) headings should be left-justified and use Helvetica font varying as follows: 
$:I 1 Level One Heading- 14 point bold 
g· 1.1 Level Two Heading - 12 point bold 
~ 1.1.1 Level Three Heading - 10 point bold 
~ 1.1.1.1 Level Four Heading - 10 point italics 
~ 4) A short abstract should be provided, lOO - 200 words, in one column, 10 point Times 
Ji. Roman font, in italics, with the abstract keywords in bold. Note that short papers (or 
~ short notes) require a shorter abstract of up to 50 words. 
~ 5) Footnotes should be numbered and should appear, in 9 point Times Roman font, at the 
~ bottom of respective columns. · 

~ r-
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~ ;..... 

~ 
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6) Standard abbreviations should be used if possible, and nonstandard abbreviations 
must be defined before being used. All units of measurement should be metric. 
7) Originals for illustrations should be clear and of good quality. Figures should use 
centred captions in 10 point Times Roman font, with the words Figure 1 in bold (see 
sample page). Tables should be numbered using upper case Roman numerals, with the 
table heading (in the same fonnat as for figures) appearing below the table. 
8) References should appear as the last section at the end of the paper. They should be 
soned by author, and numbered with Arabic numerals in square brackets [1] - see the 
sample page. 
Style for papers: author(s) - surname separated by a comma, followed by the initials, 
title (between double quotes), journal title, volume, inclusive page numbers, month and 
year. 
Style for books: author(s), title, location, publisher, year, chapter or page numbers (as 
appropriate). 
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The Australian Journal of Intelligent 
Information Processing Systems is an 
interdisciplinary forum for providing lat-
est infonnation on research developments 
and related activities in the design and 
implementation of intelligent information 
processing systems. 
The areas of interest include, but are not 
limited to: 

• artificial intelligence 
• artificial neural networks 
• computer science 
• fuzzy systems 
• virtual reality 

The journal publishes both theoretical and 
application-oriented papers in diverse 
areas related to intelligent systems. The 
journal also publishes survey articles, 
short notes, Ph.D. thesis abstracts and 
project reports with emphasis on Austral-
ian projects. 
The Australian Journal of Intelligent 
Information Processing Systems invites 
original, theoretical or applied research 
papers related to above topics. Authors 
should submit 5 copies to the Editor in 
Chief as per instructions overleaf. 
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Call For Papers 
Information for Authors 
Ausaralian Journal of lqtelligent Information Processing Systems (AJIIPS) is published 
quarterly. The aim of AJIIPS is to publish papers describing theory, methods and tech-
niques, applications or tutorial presentations in a range of areas relating to computer 
engineering and computer science. AJIIPS publishes full papers, short notes and survey 
articles. Specific areas include but are not limited to: Artificial Intelligence, Artificial 
Neural Networks, Computer Science, Fuzzy System and Virtual Reality. All papers will 
be reviewed by at least two reviewers and one of the editors. Decisions as to the suita-
bility of the paper will be made by the Editor in Charge. 
Papers should be clearly presented, consistent with giving proper description of the pri-
mary contribution. Theory papers should be based on clear, formal foundations; meth-
ods and techniques papers should indicate the novelty and advantage of the technique; 
application papers should present appropriate results and evaluation of performance; 
tutorial papers should be clearly presented to a reader with a general background in all 
areas of interest but no prior background in the specific topic. 

Submission of technical papers 
The papers should be original work, not appearing in any other journal, although 
extended versions of conference papers may be considered. The authors are expected to 
obtain all relevant copyright releases for any copyrighted material included in their 
paper. 
Authors should send to the Editor-in-Chief 5 (five) copies of the complete manuscript. 
The paper, including an abstract, should not exceed 10 pages. To allow for anonymous 
refereeing, a separate page should be included containing the authors' names, affilia-
tions, manuscript's title and the abstract Authors' names and affiliations should not 
appear on the manuscript. 
Enclose a technical biography and a photograph of each author of the paper (except for 
Short Notes). 
For full Instructions to Authors, please contact 

Prof Yianni Attikiouzel 

phone: 
fax: 
email: 

CIIPS 
University of Western Australia 
Nedlands, WA 6009 
Australia 

+61 - 9 - 380 - 3134 
+61 - 9- 380 - 1101 
yianni@ee.uwa.edu.au 

Subscription Order Form 
Australian Journal of Intelligent Information Processing Systems 
AJIIPS- ISSN 1321-2133 
Fill in, detach and return to: 

Prof Yianni Auikiouzel 
CliPS 
University of Western Australia 
Nedlands, WA 6009 
Australia 

0 Please enter my subscription for Volume I, 1994 
0 Individual rate: 

0 $60 within Ausaralia 0 $70 outside Australia 
O Institutional rate: 

D $200 within Ausaralia D $230 outside Australia 

0 Please send me a sample copy 

0 I enclose a check or money order for $ 

Charge my: 0 Master Card 
Credit Card # 

-------------------
0 VISA 

Name on the card: _________________ _ 

Expiry date: 

Signature 

Send tbe journal to: 
Name: 

Address: 

Please note: Subscriptions are entered upon receipt of payment. Four issues starting 
with the current one will be shipped . 

~ 



Australian Journal of Intelligent Information Processing 
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INFORMATION FOR AUTHORS 

Camera-ready copy 

Australian Journal of Intelligent Information Processing Systems (AJIIPS) is published quarterly. The aim of 
AJIIPS is to publish papers describing theory, methods and techniques, applications and tutorial presentations 
in a range of areas relating to computer engineering and computer science. AJIIPS publishes full papers, short 
notes and survey articles. Specific areas include but are not limited to: Artificial Intelligence, Artificial Neural 
Networks, Computer Science, Fuzzy System and Virtual Reality. 

All papers will be reviewed by at least two reviewers and one of the editors. Decision as to the suitability of the 
paper will be made by the Editor in Charge. 

Papers should be clearly presented, consistent with giving proper description of the primary contribution. 
Theory papers should be based on clea:r, formal foundations; methods and techniques papers should indicate 
the novelty and advantage of the technique; application papers should present appropriate results and 
evaluation of performance; tutorial papers should be clearly presented to a reader with a general background 
in all areas of interest but no prior background in the specific topic. 

Submission of technical papers 

Manuscripts must be written in English. The papers should be original work, not appearing in any other 
journal, although extended versions of conference papers may be considered. The authors are expected to 
obtain all relevant copyright releases for any copyrighted material included in their paper. 

Potential authors should send to the Editor in Chief 5 (five) copies of the complete manuscript. The paper, 
including an abstract, should not exceed 10 pages. To allow for anonymous refereeing, a separate page should 
be included containing the authors' names, affiliations, including email address, manuscript's title and the 
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